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Abstract Sample average approximation (SAA) is a widely popular approach to
data-driven decision-making under uncertainty. Under mild assumptions, SAA is both
tractable and enjoys strong asymptotic performance guarantees. Similar guarantees,
however, do not typically hold in finite samples. In this paper, we propose a modi-
fication of SAA, which we term Robust SAA, which retains SAA’s tractability and
asymptotic properties and, additionally, enjoys strong finite-sample performance guar-
antees. The key to our method is linking SAA, distributionally robust optimization,
and hypothesis testing of goodness-of-fit. Beyond Robust SAA, this connection pro-
vides a unified perspective enabling us to characterize the finite sample and asymptotic
guarantees of various other data-driven procedures that are based upon distribution-
ally robust optimization. This analysis provides insight into the practical performance
of these various methods in real applications. We present examples from inventory
management and portfolio allocation, and demonstrate numerically that our approach
outperforms other data-driven approaches in these applications.

B<I Nathan Kallus
kallus@cornell.edu

Dimitris Bertsimas
dbertsim@mit.edu

Vishal Gupta

guptavis@usc.edu

Sloan School of Management, Massachusetts Institute of Technology, Cambridge, MA 02139,
USA

2 Marshall School of Business, University of Southern California, Los Angeles, CA 90029, USA

School of Operations Research and Information Engineering and Cornell Tech, Cornell University,
New York, NY 10011, USA

Published online: 29 June 2017 ) Springer



D. Bertsimas et al.

Keywords Sample average approximation of stochastic optimization - Data-driven
optimization - Goodness-of-fit testing - Distributionally robust optimization - Conic
programming - Inventory management - Portfolio allocation

Mathematics Subject Classification 90C15 - 62G10 - 90C47 - 90C34 - 90C25

1 Introduction

In this paper, we treat the stochastic optimization problem
Zstoch = MinEp[c(x; §)], (1
xeX

where c(x; &) is a given cost function depending on a random vector & following
distribution F and a decision variable x € X C R% . This is a widely used modeling
paradigm in operations research, encompassing a number of applications [10,47].

In real-world applications, however, the distribution F is unknown. Rather, we are
given data £!, ..., &N, which are typically assumed to be drawn IID from F. The
most common approach in these settings is the sample average approximation (SAA).
SAA approximates the true, unknown distribution F by the empirical distribution Fy,
which places 1/N mass at each of the data points. In particular, the SAA approach
approximates (1) by the problem

N
1 .
- == 1 _— N j . 2
ZSAA )rcnel}r(lN E c(x; &%) 2)

j=1

Variants of the SAA approach in this and other contexts are ubiquitous throughout
operations research, often used tacitly without necessarily being referred to by this
name.

Under mild conditions on the cost function c(x; &) and the sampling process, SAA
enjoys two important properties:

Asymptotic As the number of data points N — oo, both the optimal value ZsAa of

convergence: (2) and an optimal solution xsaa converge to the optimal value Zsioch
of (1) and an optimal solution xgioch almost surely (e.g. [28,30]).

Tractability: For many cost functions c(x; &) and sets X, finding the optimal value of
and an optimal solution to (2) is computationally tractable (e.g. [10]).

In our opinion, these two features—asymptotic convergence and tractability—underlie
SAA’s popularity and practical success in data-driven settings.

This is not to suggest, however, that SAA is without criticism. First, useful a priori
performance guarantees do not exist for SAA with finite NV, except in certain special
cases (e.g. [30,32]). Consequently some authors have suggested modifications of SAA
to evaluate performance with a fixed, finite sample. One such example is a two-sample
SAA approach (2-SAA) wherein SAA is applied to one half of the data to find a solution
x2-saA and the other half is used for a posteriori out-of-sample performance evaluation
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Robust sample average approximation

(see Sect. 1.3). Although this approach (and similar variants) can yield performance
bounds under certain assumptions, the bound comes at the price of sacrificing half of
the data. This sacrifice may be impractical for moderate N. Moreover, as we illustrate,
the quality of this bound depends strongly on the unknown distribution F' and, even
for non-pathological examples, the approach may fail dramatically (see Sect. 7).

A more subtle, and indeed more problematic, criticism is that in many settings the
SAA solution xsaa and its true out-of-sample cost Er [c(xsaa; £)] may be highly
unstable for finite, moderate N; small changes in the data or small changes in N can
yield large changes in the solution. This phenomenon is perhaps best documented
for portfolio allocation problems [16,33] and in ill-conditioned or under-determined
regression [25,51]. The 2-SAA method also suffers from this instability and only
exacerbates the instability by halving the amount of data upon which the SAA solution
is computed. See Sect. 7 for a numerical illustration.

In this paper, we seek to address these two criticisms and build upon SAA’s prac-
tical success. We propose a novel approach to (1) in data-driven settings which we
term Robust SAA. Robust SAA inherits SAA’s favorable asymptotic convergence and
tractability. Unlike SAA, however, Robust SAA enjoys a strong finite sample perfor-
mance guarantee for a wide class of optimization problems, and we demonstrate that
its solutions are stable, even for small to moderate N. The key idea of Robust SAA
is to approximate (1) by a particular data-driven, distributionally robust optimization
problem using ideas from statistical hypothesis testing.

More specifically, a distributionally robust optimization (DRO) problem is

E=mi}r(1€(x;}"), (3)

xe

where C(x;F) = sup Eglc(x; §)], 4)
FoeF

where F is a set of potential distributions for &. We call such a set a distributional
uncertainty set or DUS in what follows. Initial research (see literature review below)
focused on DUSs F specified by fixing the first few moments of a distribution or other
structural features, but did not explicitly consider the data-driven setting. Recently, the
authors of [13,15] took an important step forward proposing specific data-driven DRO
formulations in which the DUS F is a function of the data, i.e., 7 = F (& 1., & N ),
and showing that (3) remains tractable. Loosely speaking, their DUSs consist of dis-
tributions whose first few moments are close to the sample moments of the data. The
authors show how to tailor these DUSs so that for any 0 < o < 1, the probability
(with respect to data sample) that the true (unknown) distribution F' € F (& Lo EN)
is at least 1 — «. Consequently, solutions to (3) based on these DUSs enjoy a distinct,
finite-sample guarantee:

Finite-sample With probability at least 1 — « with respect to the data sampling

performance  process, for any optimal solution X to (3), 7 > Er[c(x; §)], where

guarantee: the expectation is taken with respect to the true, unknown distribution
F.

In contrast to SAA, however, the methods of [13, 15] do not generally enjoy asymptotic
convergence. (See Sect. 4.3.2).
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Our approach, Robust SAA, is a particular type of data-driven DRO. Unlike existing
approaches, however, our DUSs are not defined in terms of the sample moments of
the data, but rather are specified as the confidence region of a goodness-of-fit (GoF)
hypothesis test. Intuitively, our DUSs consist of all distributions which are “small”
perturbations of the empirical distribution—hence motivating the name Robust SAA—
where the precise notion of “small” is determined by the choice of GoF test. Different
GoF tests yield different DUSs with different computational and statistical properties.

We prove that like other data-driven DRO proposals, Robust SAA also satisfies a
finite-sample performance guarantee. Moreover, we prove that for a wide-range of cost
functions c(x; &), Robust SAA can be reformulated as a tractable convex optimization
problem. In most cases of practical interest, we show that it reduces to a linear or
second-order cone optimization problem suitable for off-the-shelf solvers. In general,
it can be solved efficiently by cutting plane algorithms (see [12] for a review of convex
optimization and algorithms). Unlike other data-driven DRO proposals, however—
and this is key—we prove that Robust SAA also satisfies an asymptotic convergence
property similar to SAA. In other words, Robust SAA combines the strengths of both
the classical SAA and data-driven DRO. Computational experiments in inventory
management and portfolio allocation confirm that these properties translate into higher
quality solutions for these applications in both small and large sample contexts.

In addition to proposing Robust SAA as an approach to addressing (1) in data-driven
settings, we highlight a connection between GoF hypothesis testing and data-driven
DRO more generally. Specifically, we show that any DUS that enjoys a finite-sample
performance guarantee, including the methods of [13,15], can be recast as the confi-
dence region of some statistical hypothesis test. Thus, hypothesis testing provides a
unified viewpoint. Adopting this viewpoint, we characterize the finite-sample and
asymptotic performance of DROs in terms of certain statistical properties of the
underlying hypothesis test, namely significance and consistency. This characteriza-
tion highlights an important, new connection between statistics and data-driven DRO.
From a practical perspective, our results allow us to describe which DUSs are best
suited to certain applications, providing important modeling guidance to practitioners.
Moreover, this connection motivates the use of well-established statistical procedures
like bootstrapping in the DRO context. Numerical experimentation confirms that these
procedures can significantly improve upon existing algorithms and techniques.

To summarize our contributions:

1. We propose a new approach to optimization in data-driven settings, termed Robust
SAA, which enjoys both finite sample and asymptotic performance guarantees for
a wide-class of problems.

2. Wedevelop new connections between SAA, DRO and statistical hypothesis testing.
In particular, we characterize the finite-sample and asymptotic performance of
data-driven DROs in terms of certain statistical properties of a corresponding
hypothesis test, namely its significance and consistency.

3. Leveraging the above characterization, we shed new light on the finite sample and
asymptotic performance of existing DRO methods and Robust SAA. In particular,
we provide practical guidelines on designing appropriate DRO formulations for
specific applications.
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4. We prove that Robust SAA yields tractable optimization problems that are solvable
in polynomial time for a wide class of cost functions. Moreover, for many cases
of interest, including two-stage convex optimization with linear recourse, Robust
SAA leads to single-level convex optimization formulations that can be solved
using off-the-shelf software for linear or second-order optimization.

5. Through numerical experiments in inventory management and portfolio allocation,
we illustrate that Robust SAA leads to better performance guarantees than existing
data-driven DRO approaches, has performance similar to classical SAA in the
large-sample regime, and is significantly more stable than SAA in the small-to-
moderate-sample regime with comparable or better performance.

6. Finally, we show how Robust SAA can be used to obtain approximations to the
“price of data”—the price one would be willing to pay in a data-driven setting for
additional data.

The remainder of this paper is structured as follows. We next provide a brief litera-
ture review and describe the model setup. In Sect. 2, we illustrate the fundamental
connection between DRO and the confidence regions of GoF tests and explicitly
describe Robust SAA. Section 3 connects the significance of the hypothesis test to
the finite-sample performance of a DRO. Section 4 connects the consistency of the
hypothesis test to the asymptotic performance of the DRO. Section 5 proves that
for the tests we consider, Robust SAA leads to a tractable optimization problem for
many choices of cost function. Finally, Sect. 7 presents an empirical study and Sect. 8
concludes. All proofs except that for Proposition 1 are in the “Appendix”.

1.1 Literature review

As summarized by [47, Ch. 5], there are two streams of SAA literature distinguished
by how they regard the data: “[the] random sample [£', ..., "] can be viewed as
historical data of N observations of &, or it can be generated in the computer by Monte
Carlo sampling techniques,” More explicitly, SAA can be used as a solution for (1)
either when F is not known, but data drawn IID from it is available, or when F is
known and random variates can easily be simulated from it.

Although given a particular sample the SAA procedure is equivalent in both con-
texts, the practical usage of SAA differs in each setting. In a Monte Carlo setting,
it is easy to generate additional data as needed (e.g., [26]). Thus, the key issues are
understanding how many samples are needed and how to compute the SAA solution
efficiently. In this context [35] have proposed methods to evaluate both upper and
lower bounds on the out-of-sample performance of the SAA solution. By contrast, in
the historical data setting, additional data is unavailable. Thus, the key issue is using
the given data most efficiently. [1,32] are both examples of SAA used in this context. In
statistics, SAA is also used in this context under the name empirical risk minimization
[52], an example of which is the usual ordinary least squares.

In this paper, we focus on SAA (and other solutions to (1)) in the historical data
setting, where a single, fixed data sample of size N is given.

DRO was first proposed in the operations research literature by the author in [43],
where F is taken to be the set of distributions with a given mean and covariance in a
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specific inventory context. DRO has since received much attention, with many authors
focusing on DUSs F defined by fixing the first few moments of the distribution [8,11,
37,38], although some also consider other structural information such as unimodality
[19]. In [56], the authors characterized the computational tractability of (3) for a wide
range of DUSs F by connecting tractability to the geometry of F.

As mentioned, in [13,15], the authors extended DRO to the data-driven setting. In
[13], the authors studied chance constraints, but their results can easily be cast in the
DRO setting. Both papers focus on tractability and the finite-sample guarantee of the
resulting formulation. Neither considers asymptotic performance. In [27], the authors
also propose a data-driven approach to chance constraints, but do not discuss either
finite sample guarantees or asymptotic convergence. Using our hypothesis testing
viewpoint, we are able to complement and extend these existing works and establish
a unified set of conditions under which the above methods will enjoy a finite-sample
guarantee and/or be asymptotically convergent.

Recently, other work has considered hypothesis testing in certain, specific optimiza-
tion contexts. In [7], the authors show how hypothesis tests can be used to construct
uncertainty sets for robust optimization problems, and establish a finite-sample guar-
antee that is similar in spirit to our own. They do not, however, consider asymptotic
performance. In [3], the authors consider robust optimization problems described
by phi-divergences over uncertain, discrete probability distributions with finite sup-
port and provide tractable reformulations of these constraints. The authors mention
that these divergences are related to GoF tests for discrete distributions, but do not
explicitly explore asymptotic convergence of their approach to the full-information
optimum or the case of continuous distributions. In [2], the authors survey the use
of these methods for stochastic optimization with known, finitely-many scenarios but
with unknown probabilities in data-driven setting and provide a classification of the
various phi-divergences in terms of their ability to “suppress” observed scenarios or
“pop” unobserved scenarios. Similarly, in [29], the authors study a stochastic lot-sizing
problem under discrete distributional uncertainty described by Pearson’s x> GoF test
and develop a dynamic programming approach to this particular problem. The authors
establish conditions for asymptotic convergence for this problem but do not discuss
finite sample guarantees.

By contrast, we provide a systematic study of GoF testing and data-driven DRO. By
connecting these problems with the existing statistics literature, we provide a unified
treatment of both discrete and continuous distributions, finite-sample guarantees, and
asymptotic convergence. Moreover, our results apply in a general optimization context
for alarge variety of cost functions. We consider this viewpoint to both unify and extend
these previous results.

1.2 Setup

In the remainder, we denote the support of & by Z. We assume & C R is closed,
and denote by P(&') the set of (Borel) probability distributions over &. For any
probability distribution Fy € P(Z), Fyo(A) denotes the probability of the event& € A.

To streamline the notation when d = 1, we let Fp(t) = Fo((—o00, t]). Whend > 1
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we also denote by Fj; the univariate marginal distribution of the ith component, i.e.,
Foi(A) = Fo({§ : & € A}). We assume that X C R4 is closed and that for any
x € X, Ep[c(x;&)] < oo with respect to the true distribution, i.e., the objective
function of the full-information stochastic problem (1) is well-defined.

When &' is unbounded, (3) may not admit an optimal solution (we will see non-
pathological examples of this behavior in Sect. 3.2). To be completely formal in what
follows, we first establish sufficient conditions for the existence of an optimal solution.
Recall the definition of equicontinuity [39, p. 29]:

Definition 1 A set of functions H = {h : R™! — R™2} is equicontinuous if for any
givenx € R™! ande > Othereexists§ > Osuchthatforallh € H, ||h(x)—h(x")|| < €
for any x” with [|x — x/|| < 4.

In words, equicontinuity generalizes the usual definition of continuity of a function to
continuity of a set of functions. If all the functions in H are differentiable, equicontinu-
ity is equivalent to the pointwise boundedness of derivatives, i.e., sup,cy |Vh; (x)|| <
oo forevery x € R™'andi = 1, ..., my. If not all functions are differentiable, a suf-
ficient but not necessary condition for equicontinuity is that all functions in H be
Lipschitz with a common constant.

Our sufficient conditions constitute an analogue of the classical Weierstrass Theo-
rem for deterministic optimization (see, e.g., [5], pg. 669):

Theorem 1 Suppose there exists xg € X such that C (xo; F) < oo and that ¢ (x; £) is
equicontinuous in x over all§ € E. If either X is compact or lim|x||— 00 ¢(x; §) = 00
for all &, then the optimal value 7 of (3) is finite and is achieved at some X € X.

1.3 Two-sample SAA approach

As mentioned, previous authors have proposed modifications of SAA to derive per-
formance guarantees. In [35], the authors derive both upper and lower bounds on
performance, and hence optimality gaps, principally in the Monte Carlo setting. Their
lower bound utilizes the downward bias of SAA and requires drawing multiple batches
of data. Their upper bound applies to any candidate solution computed independently
of the data and utilizes asymptotic normality to approximate a confidence interval (cf.
[35, Sect. 2.1]). This upper bound can be adapted to the historical data setting by using
a portion of the historical data to calculate the candidate solution and the remaining
portion to approximate the confidence interval (i.e., sample-splitting). This approach
strongly resembles hold-out validation [21]. When the candidate solution is obtained
by applying SAA to the first portion of the data, we refer to this sample-splitting
procedure as 2-SAA.
In 2-SAA, we split our data and treat it as two independent samples:

(g1, ... EIN2ly and (gN/21HL - gNy

(We focus on the half-half split as it is most common; naturally, other splitting ratios
are possible). On the first half of the data, we train an SAA decision,
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IN/21 .
. e
X2-sAA € argmin N2 121 c(x; &7),

and, on the second half of the data, we evaluate its performance, yielding [N /2| IID
observations

EIN/ZIHD),

) &N
c(x25AA; oo, c(xosaA ET)

of the random variable c(x3-saa; &), the mean of which is the true out-of-sample cost
of X2_-SAA, i.e.,

72-sAA = EF [C(XZ-SAA§ elet ..., ng/ﬂ] .

Hence, we may use the | N /2] IID observations of c(x2.saa; &) to form a one-sided
confidence interval for the mean in order to get a guaranteed bound on the true out-of-
sample cost of x2.sa A . Since exact, nonparametric confidence regions for the mean can
be challenging to compute,' standard practice (cf. [35]) is to approximate a confidence
region using Student’s T-test, yielding the bound

22-SAA = (N2 + O(N/2) OTpy oy (@) /v LN /2], )

where j1|y/2) and G| /2] are the sample mean and sample standard deviation (respec-
tively) of the | N/2] cost observations c(xasaa; & V21 c(xo.san; €N) and
O1inj1 (@) is the (1 — a)th quantile of Student’s T-distribution with |[N/2] — 1
degrees of freedom (cf. [40]). Were the approximation exact, z>.saa Would bound
Z2-saa with probability 1 — o with respect to data sampling. The accuracy of the
approximation by Student’s T-test depends upon the normality of the sample mean
and the chi distribution of the sample standard deviation. Although these may be
reasonable assumptions for “large enough” N, we will see in Sect. 7 that for some
problems “large enough” is impractically large. In these settings (5) is often not a valid
bound at the desired probability 1 — «.

Finally, as mentioned, 2-SAA only uses half the data to compute its solution x_-sa A,
using the other half only for “post-mortem” analysis of performance. Hence it may
exacerbate any instability suffered by SAA for small or moderate N. We next introduce
Robust SAA, which uses all of the data both to compute a solution and to assess its
performance and, more importantly, seeks to proactively immunize this solution to
ambiguity in the true distribution.

2 Goodness-of-fit testing and robust SAA

In this section, we provide a brief review of GoF testing as it relates to Robust SAA.
For a more complete treatment, including the wider range of testing cases possible,
we refer the reader to [14,50].

I Indeed, nonparametric comparison tests focus on other location parameters such as median.
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GivenIID data ¢!, ..., €N and a hypothetical distribution Fy (chosen a priori, not
based on the data), a GoF test considers the hypothesis

Hy : The data §1, e EN were drawn from Fj (6)
and tests it against the alternative
H; : The data él, e, SN were not drawn from Fj.

A GoF test rejects Hyp in favor of Hj if there is sufficient evidence, otherwise making
no particular conclusion. A test is said to be of significance level « if the probability
of incorrectly rejecting Hy is at most «. Notice that the null hypothesis Hy is fully
characterized by Fy.> Consequently, we refer to Hy and Fy interchangeably. Thus, we
may say that a test rejects a distribution Fy if it rejects the null hypothesis that F{
describes.

A typical test specifies a statistic

Sy = Sn(Fo, &', ... &Y)

that depends on the data &', . .., £ and the hypothetical distribution Fy and a thresh-
old Qs () that does not depend on either the data or Fj (it may, however, depend on
the true distribution F). The test rejects Hy if Sy > Qs (o).

Let Q% () be the (1 —«)th quantile of the distribution of Sy (F, gl EN) e,
the statistic applied to the true distribution F, over data sampled from F. Intuitively,
we seek Qg (o) such that Qg, () > Q“;N (a), since then we have that, if Fp = F
then

P(Sy < Qsy(@) =P (Sy < 0%, (@) =1—a,

so that the test has significance «. Note that « significance is a property that holds for
finite N.

In this paper we will use any one of three approaches depending on the test to
computing thresholds Qs («):

1. If Q*;N () is the same regardless of the unknown, true distribution F, we can set
Osy () = Qf;N (), which we compute for finite N either exactly in closed-form
or to arbitrary precision via simulation (with any choice of F'). Test statistics with
this property are called distribution free and the Kolmgogorov-Smirnov test (see
below) is a canonical example.

2. If QlﬂN (a) does depend on F', we may still be able to find an upper bound. We take
this approach in Theorem 16 in the “Appendix”. While this approach guarantees
a-significance, it can be mathematically challenging and yield loose bounds.

2 Such a hypothesis is called simple. By contrast, a composite hypothesis is not defined by a single dis-
tribution, but rather a family of distributions, and asserts that the data-generating distribution F is some
member of this family. An example of a composite hypothesis is that F is normally distributed (with some,
unknown mean and variance). We do not consider composite hypotheses in this work.
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3. If Q?N (a) does depend on F, we may choose Qg, () to approximate it using
the bootstrap, where Qg, (@) ~ Q?N (av) is approximated as the (1 — «)th quan-

tile of the distribution of Sy (ﬁN, 51, R §N) over data sampled from I:"N, 1.e.,
over draws of N samples with replacement from the data Sl R N Under mild

assumptions, bootstrap approximations improve as N grows and are asymptoti-
cally exact (see [20]). Consequently, they are routinely used throughout statistics.
Implementations of bootstrap procedures for computing thresholds Qg () are
available in many popular software packages, e.g., the function one.boot in the
[R] package simpleboot.

One example of a GoF test is the Kolmogorov—Smirnov (KS) test for univariate
distributions. The KS test uses the statistic

Dy = max {max i—F(-§(i)) F(-’E(i))—i_l
A N 0 0 N '

Tables for Q p,, (o) are widely available and can be computed for finite N (see e.g.
[14,49]). In particular, under the assumption that F is continuous, the KS statistic is
distribution free and Q p,, (o) = Q*DN () is easily computable by simulation (see Sect.
3.2), and if F is not continuous then Q p,, (o) > Q*DN (v) [36], ensuring « significance
universally regardless of the unknown F.

The set of all distributions Fy that pass a test is called the confidence region of the
test and is denoted by

7€ e =R eP@) sy(Rg ) = 0 @) @

Note that in the above (7), Fp is a dummy (distributional) variable. As an example,
Fig. 1 illustrates the confidence region of the KS test. Observe that by construction, the
confidence region of a test with significance level « is a DUS which contains the true,
unknown distribution F* with probability at least 1 — o with respect to the distribution
of the data drawn from F.

2.1 The robust SAA approach

Givendata £!, ..., £V, the Robust SAA approach involves the following steps:
Robust SAA:

1. Choose a significance level 0 < o < 1 and goodness-of-fit test at level «
independently of the data.

2. Let F = Fy (&L, ..., EN) be the confidence region of the test.

3. Solve

Z = min sup Eple(x; )]
xeX FoeFn@EL, ..., EN)

and let X be an optimal solution.
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1 2

Fig. 1 A visualization of an example confidence region of the Kolmogorov—Smirnov test at significance
20%. The dashed curveis the true cumulative distribution function, that of a standard normal. The solid curve
is the empirical cumulative distribution function having observed 100 draws from the true distribution. The
confidence region contains all distributions with cumulative distribution functions that take values inside
the gray region

Section 5 illustrates how to solve the optimization problem in the last step for various
choices of goodness-of-fit test and classes of cost functions.

2.2 Connections to existing methods

In Robust SAA, we use a GoF test at significance level « to construct a DUS that
contains the true distribution F' with probability at least 1 —« via its confidence region.
It is possible to do the reverse as well; given a data-driven DUS Fy (él, R EN )
that contains the true distribution with probability at least 1 — o with respect to the
sampling distribution, we can construct a GoF test with significance level « that rejects
the hypothesis (6) whenever Fy ¢ Fy(£!, ..., V). This is often termed “the duality
between hypothesis tests and confidence regions” (see for example §9.3 of [40]).

This reverse construction can be applied to existing data-driven DUSs in the liter-
ature such as [13,15] to construct their corresponding hypothesis tests. In this way,
hypothesis testing provides a common ground on which to understand and compare
the methods.

In particular, the hypothesis tests corresponding to the DUSs of [13,15] test only
the first moments of the true distribution (cf. Sect. 4.3.2). By contrast, we will for the
most part focus on tests (and corresponding confidence regions) that test the entire
distribution, not just the first two moments. This feature is key to achieving both
finite-sample and asymptotic guarantees at the same time.

3 Finite-sample performance guarantees

We first study the implication of a test’s significance on the finite-sample performance
of Robust SAA. Let us define the following random variables expressible as functions
ofthedataél, ...,EN:
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The DRO solution: X € argmin sup Er [c(x;&)].
YEX poeFn(EL .. EN)
The DRO value: 7 = min sup Er [c(x;&)].

YEX poeFn L. EN)
The true cost of the DRO solution:  z =Ef [c(x; §)[E", ..., &V].

The following is an immediate consequence of significance:

Proposition 1 If Fy(£', ..., &N) is the confidence region of a valid GoF test at
significance «, then, with respect to the data sampling process,

Pz>2)>1-a.

Proof Suppose F € Fy. Then SUP £y e Fy Erlc(x;§)] > Eplc(x; §)] forany x € X.
Therefore, we have 7 > z. In terms of probabilities, this implication yields,

PZz2azPFeFy) =z1-oa. i

This makes explicit the connection between the statistical property of significance of
a test with the objective performance of the corresponding Robust SAA decision in
the full-information stochastic optimization problem.

3.1 Tests for distributions with known discrete support

When £ has known finite support & = {§ L é "} there are two popular GoF
tests: Pearson’s )(2 test and the G-test (see [14]). Let p(j) = F{&’}), po(j) =

Fo({€7)), and py(j) = % Zf\;l I [Si = éf] be the true, hypothetical, and empirical

probabilities of observing .?;'j , respectively.
Pearson’s 2 test uses the statistic

1/2
i (po(j) — pPn(i))

X =
N p0(j)

j=1

whereas the G-test uses the statistic

1/2

S ﬁzv(j))
Gy=1|2 E 1
N Z pn(j)log ( 200)

Thresholds for both Pearson’s x2 test and the G-test can be computed exactly via
simulation (also known as Fisher’s exact test); however, when Npy(j) > 5 V/,
standard statistical practice is to use an asymptotic approximation equal to 1/+/N
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Fig. 2 Distributional 040 T T T T T T T T T T T T T
uncertainty sets (projected onto r 5 1
the first two components) for the I T X7 test —— Gtest

discrete case with n = 3, 0.35 [

a=0.8, N =50,

p = (0.5,0.3,0.2). The dot
denotes the true frequencies p
and the triangle the observed
fractions psg

0.30}

P2

0.251
0.20}

0.15}

times the 1 — « quantile of the x distribution with n — 1 degrees of freedom for both
tests.?

The confidence regions of these statistics take the form of (7) for Sy being either
Xn or Gy. An illustration of these (n = 3, N = 50) is given in Fig. 2. Intuitively,
these can be seen as generalized balls around the empirical distribution p . The metric
is given by the statistic Sy, and the radius diminishes as O (N —1/2) (see [14]).

3.2 Tests for univariate distributions

Suppose £ is a univariate continuous random variable that is known to have lower
support greater than £ and upper support less than &. These bounds could possibly be
infinite. In this section, with £ univariate, we will use (i) to denote the index of the
observation that is the ith smallest so that é(l) <...<¢£ (N) | The most commonly
used GoF tests in this setting are the Kolmogorov—Smirnov (KS) test, the Kuiper test,
the Cramér-von Mises (CvM) test, the Watson test, and the Anderson-Darling (AD)
test. The KS (Dy), the Kuiper (Vy), the CvM (Wy), the Watson (Uy), and the AD
(A ) tests use the statistics (see [14])

Dy = max {max {% — Fo(£9D), Fo(gD) — i—1 ” ,

i=1,...N N

Vy = max Fo(é(i)) - i1 + max L — Fo(é(i))
1<i<N 1 N ’

N <i<N

3 Note that standard definitions of the statistics have the form of X 12\, and G%V with thresholds given by the

X2 distribution. Our nonstandard but equivalent definition is so that thresholds have the rate O(1/+/N) to
match other tests presented.
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1/2

2i—1 o 2
(2N Fo(&§ ))) ,

o\ 172

. 1
Fo(t®y — 5) ,

=

1 ]
Wy = —
N (12N2+N;

z|~

1=

Uy = Wﬁ,—(

—

1/2

2i — 1 ; ;
Ay = (—1 =Y S (log Foe ™) +1og(1 — Fo<s<N+‘—'>>>)> . ®
i=1

We let Sy € {Dy, Wy, Ay, Vn, Un} be any one of the above statistics and Qg (o)
the corresponding threshold. Tables for Qs, () are widely available for finite N (see
[42,49]). Alternatively, Qs, (@) can be computed to arbitrary precision for finite N
by simulation as the (1 — «)th percentile of the distribution of Sy when Fy(& ) in (8)
are replaced by IID uniform random variables on [0, 1] (see [14]).

The confidence regions of these tests take the form of (7). Recall Fig. 1 illustrated
]:“DN. As in the discrete case, ]-"g‘N can also be seen as a generalized ball around the

empirical distrib_ution F . Again, the radius diminishes as O (N —1/2) (see [14]).

When £ and § are finite, we take ]—"‘S"N to be our DUS corresponding to these tests.
When either g or E is infinite, however, 7 in (3) may also be infinite as seen in the
following proposition.

Proposition 2 Fix x, o, and Sy € {Dn, Wy, An, Vy, Un}. If c(x; &) is continuous
but unbounded on E then C(x; fg‘N) = oo almost surely.

The conditions of Proposition 2 are typical in many applications. For example, in §3
of [55], the authors briefly propose, but do not explore in detail, a data-driven DRO
formulation that is equivalent to our Robust SAA formulation using the KS test with
E = (—o00, 00).Oversuch an unbounded support, most cost functions used in practice
will be unbounded over £ for any x, including, as an example, the newsvendor cost
function. Proposition 2 implies that any such formulation will yield a trivial, infinite
bound for any x (and moreover there is no robust optimal Xx), limiting the value of the
approach.

Consequently, when either £ or £ is infinite, we will employ an alternative, non-
standard, GoF test in Robust SAA. The confidence region of our proposed test will
satisfy the conditions of Theorem 1, and, therefore, (3) will attain a finite, optimal
solution.

Our proposed test combines one of the above GoF tests with a second test for a
generalized moment of the distribution. Specifically, fix any function ¢ : & — R
such that Ef[¢ ()] < oo and |c(xg; £)| = O(¢(€)) for some x¢ € X. For a fixed g,
consider the null hypothesis

Hy : Ep[¢(§)] = wo. €))
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There are many possible hypothesis tests for (9). Any of these tests can be used as the
second test in our proposal. For concreteness, we focus on a test that rejects (9) if

My = > Qumy (@). (10)

A
uo—ﬁl;m&’)

In our numerical experiments in Sect. 7.1 we approximate Q 7, (o) ason Qry_, (t/2)/
/N where Ory_,(a/2) is the (1 — or/2)th quantile of Student’s T-distribution with
N — 1 degrees of freedom and 61%, is the sample variance of ¢ (£). An alternative
approach is to use the bootstrap.

Given 0 < «1,a2 < 1, combining Sy and (10), we propose the following GoF
test:

Reject Fy if either Sy > Qs (a1) or > Oy (@2).

1<
Erl¢ @] -+ D #(E)

i=1

By the union bound, the probability of incorrectly rejecting Fy is at most

1Y
Erlg @] -+ D 9E)

i=1

P(Sy > Qgy (@) +P (

> Oumy (062)) <oa1+as.

Thus, our proposed test has significance level o1 + .
The confidence region of the above test is given by the intersection of the confidence
region of our original goodness-of-fit test and the confidence region of our test for (9):

L0y _ ol 2
Forie = Fsu N Fady

AN
Erl¢ @] =+ D #(E)

= {Fo € P(&) : Sn < Qsy (1),
i=1

= QMN (‘x2)} .
(11)

Observe that since |c(xg; £)| = O(¢(£)),1.e., v, n such that |c(xg; )| < v+np (&),
we have

Clxo; Fg %) = sup  Eglc(xo:§)]<v+n sup Eglo®)]
N-EN 102 1,02
Fy Ef?NvMN FOG}?N’MN

IA

N
v+ % ;ms") + 10wy (@) < 0,

so that unlike F§ , our new confidence region Fg l’ﬁfl does indeed satisfy the con-
N N VIN

ditions of Theorem 1, even if £ or & are infinite. This is critical to achieving useful
solutions with finite guarantees and is an important distinction with the approach of
[55].
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3.3 Tests for multivariate distributions

In this section, we propose two different tests for the case d > 2. The first is a standard
test based on testing marginal distributions. The second is a new test we propose that
tests the full joint distribution.

3.3.1 Testing marginal distributions

Let @, ...,aq > 0 be given such that « = o1 + --- + ag < 1. Consider the test
for the hypothesis F' = Fy that proceeds by testing the hypotheses F; = Fp; for
eachi =1, ..., d by applying any test from Sections 3.1 and 3.2 at significance level
«; to the sample Sil, ey SiN and rejecting Fy if any of these fail. The corresponding
confidence region is

fglarginals:{Foep(E) : FO,ief;Xi (éil,...,SiN> Vi=1,...,d},

where ]-—la " denotes the confidence region corresponding to the test applied on the ith
component. By the union bound we have

d

( ¢ argmals) = Z F ¢ fﬂl ZOl, =,

i=1

so the test has significance «.

This test has the limitation that each «; may need to be small to achieve a particular
total significance «, especially when d is large. Moreover, two multivariate distribu-
tions may be distinct while having identical marginals, limiting the ability of this test
to distinguish general distributions, which has adverse consequences for convergence
as we will see in Sect. 4. The test we develop next does not suffer from either of these
limitations.

3.3.2 Testing linear-convex ordering

In this section, we first provide some background on the linear-convex ordering (LCX)
of random vectors first proposed in [44], and then use LCX to motivate a new GOF test
for multivariate distributions. To the best of our knowledge, we are the first to propose
GoF tests based on LCX.

Given two multivariate distributions G and G’, we define

G <1cx G = Eglp(a’£)] < Eglp(a’ )]

V a € R? and convex functions ¢:R—-R (12)
< Eg[max{a’ &€ — b, 0}] < Eg/[max{a’ & — b, 0}]
Viai| + ...+ laql +|b] <1, (13)

where the second equivalence follows from Theorem. 3.A.1 of [45].
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Our interest in LCX stems from the following result. Theorem 1 of [44] states that,
assuming Eg[[1]13] < oo,

EGle? 1 =Eq[71Vi=1,....,d and G <1cx G = G =G

Since the converse is clearly true and since G <pcx G’ implies that Eg [Sl.z] <
Eg [él.z] Vi =1,...,d, we can rewrite this equivalently as

EGllI€13] = Eq/[I£]5] and G <1cx G' <= G =G/, (14)

where ||& ||% = Zflzl é-‘l.z. Equation (14) motivates our GoF test. Intuitively, the key
idea of our test is that if FF # Fp, i.e., we should reject Fy, then by (14) either
Er 1§ ||%] < Er[ll& ||%] or Fy ﬁLCX F. Thus, we can create a GoF test by testing for
each of these cases separately.

More precisely, for a fixed ¢, first consider the hypothesis

H{ Er[I£13] = wo. (15)

As in Sect. 3.2, there are many possible tests for (15). For concreteness, we focus on
a one-sided test (i.e., against the alternative H{ : Er[|& ||%] > o) which rejects (15)
if Ry = & SN IE3 — o > Ory (@). where Q,, (@) is a threshold which can be
computed by bootstrapping.

Next, define the statistic

N
Cy(Fp) = sup (IEFO [max{a’ & — b, 0}] — 1 Z[max{aTgi — b, 0}]> .
jap|+++laq|+[b] <1 NS

From (13), Cy(Fp) < 0 <— Fy <icx ﬁN (recall that ﬁN denotes the empirical
distribution).

Finally, combining these pieces and given 0 < o1, oy < 1, our LCX-based GoF
test is

N
Reject Fy if either Cy (Fo) > Qcy (a1) or Er[[I£]13] < %Z €15 — Qry (@2).

i=1 (16)
In Sect. 9.3 in the “Appendix”, we provide an exact closed-form formula for a valid
threshold Q¢ (a1). Approximate thresholds can also be computed via the bootstrap.
We use the bootstrap in our numerical experiments in Sect. 7.5 because, in this case,
it provides much tighter thresholds for the sizes N studied. The particular bootstrap
procedure is provided in Sect. 9.3.
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From a union bound we have that the LCX-based GoF test (16) has significance
level o1 + a2. The confidence region of the LCX-based GoF test is

A
Caiity = | Fo € P(&) 1 CN(Fo) = Qcy (@), BrlIEIR] = + > IE'13 — Oy (az)} :
i=1

(17)

4 Convergence

In this section, we study the relationship between the GoF test underlying an applica-
tion of Robust SAA and convergence properties of the Robust SAA optimal values 7
and solutions x. Recall from Sect. 2.2 that since many existing DRO formulations can
be recast as confidence regions of hypothesis tests, our analysis will simultaneously
also allow us to study the convergence properties of these methods as well.

The convergence conditions we seek are

Convergence of objective function: C(x; Fy) — Er[c(x; §)]

uniformly over any compact subset of X, (18)

Convergence of optimal values: minC(x; Fy) — minEgp[c(x; &)], (19)
xeX xeX

Convergence of optimal solutions: Every sequence xy € arg mi)r(l C(x; Fy) has at least
xe

one limit point, and all of its limit points are in
argmin Er[c(x; )], (20)
xeX

all holding almost surely (a.s.). The key to these will be a new, restricted form of
statistical consistency of GoF tests that we introduce and term uniform consistency.

4.1 Uniform consistency and convergence of optimal solutions

In statistics, consistency of a test (see Def. 2 below) is a well-studied property that
a GoF test may exhibit. In this section, we define a new property of GoF tests that
we call uniform consistency. Uniform consistency is a strictly stronger property than
consistency, in the sense that every uniformly consistent test is consistent, but some
consistent tests are not uniformly consistent. More importantly, we will prove that
uniform consistency of the underlying GoF test tightly characterizes when conditions
(18)—(20) hold. In particular, we show that when X and & are bounded, uniform
consistency of the underlying test implies conditions (18)—(20) for any cost function
c(x; &) which is equicontinuous in x, and if the test is not uniformly consistent, then
there exist cost functions (equicontinuous in x) for which conditions (18)—(20) do not
hold. When X or & are unbounded, the same conclusions hold for all cost functions
which are equicontinuous in x and satisfy an additional, mild regularity condition
(see Theorem 2 for a precise statement). In other words, we can characterize the
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convergence of Robust SAA and other data-driven, DRO formulations by studying if
their underlying GoF test is uniformly consistent. In our opinion, these results highlight
a new, fundamental connection between statistics and data-driven optimization. We
will use this result to assess the strength of various DRO formulations for certain
applications in what follows.

First, we recall the definition of consistency of a GoF test (cf. entry for consistent
test in [17]):

Definition 2 A GoF test is consistent if, for any distribution F generating the data
and any Fy # F, the probability of rejecting any Fy approaches 1 as N — oo. That
is, Nlim P(Fy ¢ Fy) = 1 whenever F # Fy.

—00

Observe

Proposition 3 If a test is consistent, then any Fy # F is a.s. rejected infinitely often
(i.o.) as N — o0.

Proof

P(Fp rejected i.0.) =P (lim sup {Fp ¢ fN}) > limsupP (Fp ¢ Fy) =1,

N—o0 N—o00

where the first inequality follows from Fatou’s Lemma, and the second equality holds
since the test is consistent. O

Consistency describes the test’s behavior with respect to a single, fixed null hypoth-
esis Fp. In particular, the conclusion of Proposition 3 holds only when we consider
the same, fixed distribution Fy for each N. We would like to extend consistency to
describe the test’s behavior with respect to many possible Fp simultaneously. We
define uniform consistency by requiring that a condition similar to the conclusion of
Proposition 3 hold for a sequence of distributions sufficiently different from F':

Definition 3 A GoF test is uniformly consistent if, for any distribution F' generating
the data, every sequence Fy that does not converge weakly to F is rejected i.0, a.s.,
that is,

P(Fy » F — Fy ¢ Fyio.) =1.

The requirement that Fy does not converge weakly to F parallels the requirement that
Fo # F.
Uniform consistency is a strictly stronger requirement than consistency.

Proposition 4 If a test is uniformly consistent, then it is consistent. Moreover, there
exist tests which are consistent, but not uniformly consistent.

Uniform consistency is the key property for the convergence of Robust SAA.
Besides uniform consistency, convergence will be contingent on three assumptions.

Assumption 1 c(x; &) is equicontinuous in x over all £ € =

@ Springer



D. Bertsimas et al.

Assumption 2 X is closed and either

a. X is bounded or

b. | lﬁm c(x; &) = oo uniformly over £ in some D C & with F(D) > 0 and
X|[|[—00

liminf inf c(x; &) > —o0.
[[x[|—>o00 &¢D (x:8)

Assumption 3 Either

a. & is bounded or
N

1 .
b. 3¢ : & — Ry suchthat sup [Egfe¢¢) — — Z¢(§l) — 0 almost surely and
F()Ef]\] N i=1

c(x; &) = O0(¢p(&)) foreach x € X.

Assumptions 1 and 2 are only slightly stronger than those required for the existence of
an optimal solution in Theorem 1. Assumption 1 is the same. Assumption 2 is the same
when X is bounded, otherwise, requiring uniformity in coerciveness over some small
set with nonzero measure. The second portion of Assumption 2b is trivially satisfied by
cost functions which are bounded from below, such as nonnegative. Finally, observe
that in the case that = is unbounded, our proposed DUS in (11) satisfies Assumption
3b by construction.

Under these assumptions, the following theorem provides a tight characterization
of convergence.

Theorem 2 Fy is the confidence region of a uniformly consistent test if and only if
Assumptions 1, 2, and 3 imply that conditions (18)—(20) hold a.s.

Thus, in one direction, we can guarantee convergence (i.e., conditions (18)—(20)
hold a.s.) if Assumptions 1, 2, and 3 are satisfied and we use a uniformly consistent test
in applying Robust SAA. In the other direction, if we use a test that is not uniformly
consistent, there will exist instances satisfying Assumptions 1, 2, and 3 for which
convergence fails.

Some of the GoF tests in Sect. 3 are not consistent, and therefore, cannot be
uniformly consistent. By Theorem 2, DROs built from these tests cannot exhibit
asymptotic convergence for all cost functions. One might argue, then, that that these
DRO formulations should be avoided in modeling and applications in favor of DROs
based on uniformly consistent tests.

In most applications, however, we are not concerned with asymptotic convergence
for all cost functions, but rather only for the given cost function c(x; &). It may
happen a DRO may exhibit asymptotic convergence for this particular cost function,
even when its DUS is given by the confidence region of an inconsistent test (we will
see an example of this behavior with the multi-item newsvendor problem in Sect. 7.4).

To better understand when this convergence may occur despite the fact that the test
is not consistent, we introduce a more relaxed form of uniform consistency.

Definition 4 Given c(x; &), we say that Fy c-converges to F if Ep,[c(x;§)] —
Erlc(x; &)] forall x € X.
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Definition 5 Given c(x; &), a GoF test is c-consistent if, for any distribution F gen-
erating the data, every sequence Fy that does not c-converge to F is rejected i.o., a.s.,
that is,

P (Fn does not c-converge to ' =— Fy ¢ Fy i.0.) = 1.

This notion may potentially be weaker than consistency, but is sufficient for conver-
gence for a given instance as shown below.

Theorem 3 Suppose Assumptions 1 and 3 hold and that Fy always contains the
empirical distribution. If Fy is the confidence region of a c-consistent test, then con-
ditions (18)—(20) hold a.s.

In the next sections we will explore the consistency of the various tests introduced
in Sect. 3. We summarize our results in Table 1.

4.2 Tests for distributions with discrete or univariate support
All of the classical tests we considered in Sect. 3 are uniformly consistent.

Theorem 4 Suppose E has known discrete support. Then, the x> and G-tests are
uniformly consistent.

Theorem 5 Suppose Z is univariate. Then, the KS, Kuiper, CvM, Watson, and AD
tests are uniformly consistent.

4.3 Tests for multivariate distributions
4.3.1 Testing marginal distributions

We first claim that the test of marginals is not consistent. Indeed, consider a multivariate
distribution Fy # F which has the same marginal distributions, but a different joint
distribution. By construction, the probability of rejecting Fy is at most « for all N, and
hence does not converge to 1. Since the test of marginals is not consistent, it cannot
be uniformly consistent.

We next show that the test is, however, c-consistent whenever the cost is separable
over the components of &.

Proposition 5 Suppose c(x; &) is separable over the components of &, that is, can be
written as

d
cx; &) =Y ci(x; &), 1)

i=1

and Assumptions 1, 2, and 3 hold for each c;(x; &;). Then, the test of marginals is
c-consistent if each univariate test is uniformly consistent.
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That is to say, if the cost can be separated as in (21), applying the tests from Sect. 3.2
to the marginals is sufficient to guarantee convergence.

It is important to note that some cost functions may only be separable after a
transformation of the data, potentially into a space of different dimension. If that is
the case, we may transform & and apply the tests to the transformed components in
order to achieve convergence.

4.3.2 Tests implied by DUSs of [13,15]

The DUS of [15] has the form

(Er €1 — fin)" Z5" (B l€] — iin) < yin (@),

BN @Sy <Egrl(E —in) (€ - llN)T] < yan(@) Dy
(22)

. 1 . 1S, . N\T
where iy =Y & Sv==3 (6 —an) (¢ —av) . @Y
j i=1

The thresholds y; y (), y2.n(a) y3.n(a) are developed therein (for Z bounded) so
as to guarantee a significance of o (in our GoF interpretation) and, in particular, have
the property that

yin(@) 10, yon() I 1, y3n(a) 1 1. (24)

Seen from the perspective of GoF testing, valid thresholds can also be approximated
by the bootstrap, as discussed in Sect. 2. The resulting threshold will be significantly
smaller (see Sect. 7) but exhibit the same asymptotics.

The DUS of [13] has the form

o
CEG,N

[ER, 161 = fan] |, < viv (@),
={FePE&) : .
’ [Er [ — Erle) (€ - Erle)] - Sv

= y2.N(x
Frobenius £ ( )

The thresholds y; ny(«), y2.n () are developed in [48] (for & bounded) so as to
guarantee a significance of @ and with the property that

Yin(@) {0, yan(a) | 0. (25)

Again, seen from the perspective of GoF testing, valid thresholds can also be approx-
imated by the bootstrap, having similar asymptotics.

The GoF tests implied by these DUSs consider only the first two moments of a dis-
tribution (mean and covariance). Therefore, the probability of rejecting a multivariate
distribution different from the true one but with the same mean and covariance is by
construction never more than «, instead of converging to 1. That is, these tests are not
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consistent and therefore they are not uniformly consistent. We next provide conditions
on the cost function that guarantee that the tests are nonetheless c-consistent.

Proposition 6 Suppose c(x; &) can be written as

d d i
cx; &) =co¥) + Y &+ )Y cij(0EE (26)

i=1 i=1 j=1

and that Ef [éié j] exists. Then, the tests with confidence regions given by Fp,  or
Fipc N are c-consistent.

Note that because we may transform the data to include components for each pair-
wise multiplication, the conditions on the cost function in Proposition 6 are stronger
than those in Proposition 5. In particular, in one dimension d = 1, every cost function
is separable but not every cost function satisfies the decomposition (26).

4.3.3 Testing linear-convex ordering

The previous two multivariate GoF tests were neither consistent, nor uniformly con-
sistent. By contrast,

Theorem 6 The LCX-based test is consistent.
Theorem 7 Suppose E' is bounded. Then the LCX-based test is uniformly consistent.

It is an open question whether the LCX-based test is uniformly consistent for
unbounded = (Theorem 6 proves it is consistent). We conjecture thatitis. Moreover, in
our numerical experiments involving the LCX test, we have observed convergence of
the Robust SA A solutions to the full-information optimum even when Z is unbounded
(see Sect. 7.5 for an example).

5 Tractability

In this section, we characterize conditions under which problem (3) is theoretically
tractable, i.e., can be solved with a polynomial-time algorithm. Additionally, we are
interested in cases where (3) is practically tractable, i.e., can be solved using off-the-
shelf linear or second-order cone optimization solvers. In some specific cases, we
show that Robust SAA using the KS test admits a closed-form solution.

5.1 Tests for distributions with known discrete support

In the case of known discrete support, we considered two GoF tests: Pearson’s x 2 test,
corresponding to the DUS f“N, and the G-test, corresponding to the DUS ]—"gN. In
this section we present a reformulation of (3) for these DUSs as a single-level convex
optimization problem, from which tractability results will follow.

The DUSs of these GoF tests are a special case of those considered in [3]. As
corollaries of the results therein we have the following:
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Theorem 8 Under the assumptions of Theorem 1, we have

C(x;]:?éN) = min V—I—(QXN(O())zs—ZﬁN(j)tj

r,s,t,y,c

j=1
st. reR, seRy,teR", yeR|, ceR"
s+r>cj Vi=1,...,n
25 +1; < yj Vi=1,...,n
(23—cj+r,r—cj,yj)eC§0C Vi=1,...,n
Cj2c<x;§j> Vi=1,...,n

1 n
C(x:7g,) = min r+3(Qoy@) s = pn(i

j=1
st. TeR, seRy,teR, ceR"

(tj,s,s—l—r—cj)erc YVi=1,...,n
cj2c<x;§j> Vi=1,...,n
(27)

where Cgoc = {(x, y,2) € R3 : x> V2 + 22} is the three-dimensional second-

order cone and Cxc = closure ({(x, v, 2): yex/y <z,y> O}) is the exponential
cone.

The DRO problem (3) is min,cx C (x; F). Therefore, for ]:;‘éN and ]—"gN, (3) can be
formulated as a single-level optimization problem by augmenting the corresponding
minimization problem above with the decision variable x € X. Note that apart from
the constraints x € X and

¢jze(xél), (28)

the rest of the constraints, as seen in the problems in Theorem 8, are convex. The
following result characterizes in general when solving these problems is tractable in
a theoretical sense.

Theorem 9 Suppose that X C R% is a closed convex set for which a weak separation
oracle is given and that

where each cji(x) is a convex function in x for which evaluation and subgradient
oracles are given. Then, under the assumptions of Theorem 1, we can find an e-
optimal solution to (3) in the discrete case for Sy = Xy, Gy in time and oracle calls
polynomial inn, d,, K1, ..., K,,log(1/e).
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For some problems the constraints x € X and (28) can also be conically for-
mulated as the Example 1 below shows. In such a case, the DRO can be solved
directly as a conic optimization problem. Optimization over the exponential cone—a
non-symmetric cone — although theoretically tractable, is numerically challenging.
Fortunately, the particular exponential cone constraints (27) can be recast as second-
order cone constraints, albeit with constraint complexity growing in both n and N
(see [34]).

Example 1 Two-stage problem with linear recourse and a non-increasing, piece-wise-
linear convex disutility. Consider the following problem

c(x; &) = max_ (Vk(CTX + Rj(x)) + ,Bk) , <0

where R;(x) = min ijy
ye]Riy
S.t. ij+Bjy :bj
X={x>0:Hx =hj. (29)

This problem was studied in anon-data-driven DRO settings in [6,19,57]. To formulate
(3), we may introduce variables y € RiXdy and replace (28) with

chyk(ch—l—ijyj>+ﬂk YVi=1,...,n,Vk=1,..., K,

The resulting problem is then a second-order cone optimization problem for 7y ~and
Fé .
Gn

5.2 Tests for univariate distributions

We now consider the case where & is a general univariate random variable. We proceed
by reformulating (3) as a single-level optimization problem by leveraging semi-infinite
conic duality. This leads to corresponding tractability results. In the following we will
use the notation €@ = ¢ and £ V1) = £ Recall that these may be infinite.

The first observation is that the constraint Sy (1, ..., {n) < Qs (o) is convex in
G = Fo(§D)and representable using canonical cones. By a canonical cone, we mean
any Cartesian product of the cones R¥ {0}, R’jr (positive orthant), C’S‘OC (second-order
cone), and semidefinite cone. Optimization over canonical cones is tractable both
theoretically and practically using state-of-the-art interior point algorithms [4].

Theorem 10 For each of Sy € {Dn, VN, Wn, Uy, AN}

SN (&1, ..., tN) S Osy(@) < Asy¢ —bsy.a € Ksy

for convex cones Kg,, matrices As,,, and vectors bs,, « as follows:
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+ = Opy(@)
.
v — Opy (@)
KDN :R%FN, bDN,a = NO N 5 ADN = [IN] P
-~ — 9py(@) [—1In]
—Nl— 0py (@)
= Qvy(@)2
y :
ELA a)/2
Ky, = :(x,y) e R . min x; + miny; > 0}, byy.a = NO Quy(@)/
i i -5 — Qvy(@)/2
—Nl— Oy, (@))2
2
N (@ @) = o
1
2N
Ay, = [[IN]] . Kwy =Cid, bwyo = - :
—Iy .
2N—1
2N
—1 2
F+ (% - ¥ (Quy@)?)
_ 2
3= (% ¥ (euy@)?)
Ay, = (20 Ky, =cN¥2 p =
WN [IN] ’ UN SOC UN,O[ 0 ’
0
1-N 3-N  N-1
2N 2 2N N
Agy = % y N 12—_’\’ , Kay = {(z,x,y) eRxRiN Dzl < H(Xiyi)
[y — LEN] =l
o~ (Qay @)’ -1
0
: 0---0
bAN,Ol = 0 ’ AAN = [I]y] )
-1 [—1In]
-1

2i—1
2N2

|

where Iy is the N x N identity matrix, I N is the skew identity matrix ([I~ Nlij =
I[i =N —jl), and Ey is the N x N matrix of all ones.

@ Springer



D. Bertsimas et al.

Note that the cones Kp,, Kw,, Ky, are canonical cones. The other cones can
be expressed using canonical cones. The cone Ky, is an orthogonal projection of an
affine slice of R2V+2 x Ri. The cone K4, is an orthogonal projection of an affine
slice of the product of 2oz N1+ _ o O (N?) three-dimensional second-order
cones (see [34]). Therefore, the constraint Ag, ¢ — bsy .« € Ks, can be expressed
using polynomially-sized canonical cones in each case.

Problem (3) is a two-level optimization problem. To formulate it as a single-level
problem, we dualize the inner problem, C(x; F). For a cone K C R¥, we use the
notation K* to denote the dual cone K* = {y € RF : yTz > 0Vz € K}. The
following is a direct consequence of Theorem 10 and semi-infinite conic duality,
namely Proposition 3.4 of [46].4

Theorem 11 Let Sy € {Dy, Vy, Wy, Un, An}. Under the assumptions of Theo-
rem 1,

C (x; .7-'§‘N) = nrncn ng’ar + N1
s.t —re€ K;N, c e RNt!
(A7) =ci— e Vi=1,... N
ci > sup c(x; &) Vi=1,...,N+1 (30)
£e(=D g

Theorem 12 Let Sy € {Dy, Vy, Wy, Un, Ax}. Under the assumptions of Theo-
rem 1,

C (X; f?}:/’,i/zljv) = rI:Itl’iIl ng,alr +CN+1 + (/:L + Q(;;N) r — (/:L — Q(X’;N) Ky

s,c

s.t —reKj{N,tzO,szo,ceRN“

(AgNr)i=cz~—Ci+1 Vi=1,...,N
= sup (c(x;E) — (1 —5)9(©) Vi=1,....N+1L

EeEi=D £0)]
(31)

Recall that when Proposition 2 applies, i.e., when either £ or & are infinite and the cost
may be unbounded, then an additional test to bound E Flo®)]is necessary in order
to satisfy the assumptions of Theorem 1 and get a finite solution. It is in this case, that
Theorem 12 is relevant.

Note that the cones Kp,, Kw,., Ky, are self-dual (K* = K) and therefore the
dual cones remain canonical cones. For Ky, and K 4,, the dual cones are

4 The only nuance is that Proposition 3.4 of [46] requires a generalized Slater point. We use the empirical
distribution function, F}y, as the generalized Slater point in the space of distributions.
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N N
Kéﬁ{“’”eRiN : le:Zy"}
i=1 i=1

d 2i-1

2
| — 2
K ={G@xy) : @/yoxy) € Kay) wherey =[] (%) e
i=1
and therefore they remain expressible using canonical cones.

Note that in the case of ng, the worst-case distribution has discrete support on no
more than N + 1 points. This is because shifting probability mass inside the interval
(& (Uniol é(i)] does not change any Fy(§ (@), In the worst-case, all mass in the interval
(if any) will be placed on the point in the interval with the largest cost (including the
left endpoint in the limit).

The DRO problem (3) is minyex C (x; F). Therefore, for 7§, and F¢' 9 . (3) can
formulated as a single-level optimization problem by augmenting the corresponding
minimization problem above with the decision variable x € X. We next give general
conditions that ensure the theoretical tractability of the problem.

Theorem 13 Suppose that X C R% is a closed convex set for which a weak separation
oracle is given and that

c(x;§)= max cr(x;£) (32)

.....

where each ci(x; &) is convex in x for each & and continuous in & for each x and for
which an oracle is given for the subgradient in x. If F = .7:“N, suppose also that an
oracle is given for maximizing cy (x; &) over & in any closed (possibly infinite) interval
for fixed x. If F = fgf ;] ’,3[\/211\1’ suppose also that an oracle is given for maximizing
cx(x; &) + nep (&) over £ in a closed interval for fixed x and n € R. Then, under the
assumptions of Theorem 1, we can find an €-optimal solution to (3) in time and oracle
calls polynomial in N, d,, K, log(1/€) for F = f‘SxN or F = ‘7:?/3/(5\311\/

As in the discrete case, when the constraints x € X and (30) (or, (31)) can be
conically formulated, Theorem 11 (or, Theorem 12, respectively) provides an explicit
single-level conic optimization formulation of the problem (3). In Examples 2, 3,
and 4 below, we consider specific problems for which this is the case and study this
formulation.

Example 2 The newsvendor problem. In the newsvendor problem, one orders in
advance x > 0 units of a product to satisfy an unknown future demand for & > 0
units. Unmet demand is penalized by b > 0, representing either backlogging costs or
lost profit. Left over units are penalized by & > 0, representing either holding costs or
recycling costs. The cost function is therefore c(x; &) = max {b(§ — x), h(x — &)},
the lower support of & is § > 0, and the space of decisions is X = R.. For the

bounded-support case £ < oo, the constraints (30) become

ci 2 bEY —x), ¢ =h(x—£""D) Vi=1...N+1
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and x € X becomes x € R, . In the unbounded case £ = co, we may use ¢ (£) = ||
in the construction of (11). Because § > 0, we have ¢(§) = §. The constraints (31)
then become

i =2 bED —x) =t —)ED, ¢ =h(x—EFD) — (1 — gD
Vi=1,...,.N+1

where the (N + 1)st left constraint is equivalent to b < ¢t — s because gWNFTD = o0,
Substituting these constraints in this way the DRO (3) becomes a conic optimization
problem.

In the specific case of bounded support and F = F%N this reformulation yields a
linear optimization problem, which admits a closed-form solution given next.

Proposition 7 Suppose that & = [§, &) is compact, and N is large enough so that

Opy(a) < mig_{:’};h}. Then, the DRO (3) for the newsvendor problem with F = f%N
admits the closed-form solution:

T=(- 9)5(1'10) + Qs(ihi)

% > (D) + 0py@e (T 8) + Opy (e (%)

1<i<ijVipi<i<N

2l
I

N (60 — |
_ <|' ( ]gDN ()] — (6 — Qpy (@)) c (7; é(z,,,)>
N (6 4+ Op, -

where 0 =b/(b+ h), ijp = [N(@ — Qpy(@))], and ip; = [N + Op,(a)) + 1].

Importantly, this means that solving the Robust SAA newsvendor problem is no
more difficult than solving the SAA newsvendor problem.

Example 3 Max of bilinear functions. More generally, we may consider cost functions
of the form (32) with bilinear parts cx(x; ) = pro + kalx + pr2é§ + Ska3x. In this
case, (30) is equivalent to

ci = pro+ pix + p&CT 6 Vphx, Vi=1,... N, Vk=1,....K
(33)
. T @) @ ,T - —
Clzpk0+pk1x+pk2€: +$ Pr3X, Vl—l,,N, Vk—19’K
(34)

If the cost is fully linear, px3 = O (as in the case of the newsvendor example), then
(30) can be written in one linear inequality:

¢ = pro+ phix + max g, pog @ vi=1 N, V=1, K.
(35)
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For F = Fg! ‘;{Vz[ we may use ¢ (&) = |£| and simply add [§~D| and |£7] to the
left-hand 31des of (33) and (34), respectively, or to the corresponding branches of the
max in (35).

Example 4 Two-stage problem. Consider a two-stage problem similar to the one stud-
ied in Example 1:

c(xi§) = max (@ x+ RO +Bi), =0

.....

where R(x; &) = mi? (f +g&)"y

yeRf
s.t. Ax + By = b+ p&
X ={x>0:Hx =hl. (36)

When only the right-hand-side vector is uncertain (g = 0), the recourse R(x; &) is
convex in & so that the supremum in (30) is taken at one of the endpoints and we may
use a similar construction as in Example 3.

When only the cost vector is uncertain (p = 0), the recourse R(x; &) is concave in
&. By linear optimization duality we may reformulate (30) by introducing variables

dyx(N+1 .
R e RN+ y e RD x(N+ ) n e Rﬁ“, 0 e Rﬁ“ and constraints

ci > mcTx+R)+ B Vi=1,...,.N+1, Vi=k,...,K
ni—0; = flyi, Ax+Byj=b Vi=1,...,N+1
Ri > glyi +&Vn — gDy, Vi=1,...,N+1.

5.3 Tests for multivariate distributions
5.3.1 Testing marginal distributions
Recall that when c(x; &) is separable over the components of &, i.e.,

d

c(x:§) =) cilxi &),

i=1

Robust SAA using the test of marginals converges to the full-information optimum
(cf. Sect. 4.3.1). We next show that Robust SAA is also tractable in this case. When
F=F marginals and costs are separable, (3) can be written as

d

m1n sup Efg[c(x; )] —mlnz sup Epgy;[ci(x; )]
ex FoeF i=1 FOLEfal
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Applying Theorems 8, 11, and 12 separately to each of these d subproblems yields a
single-level optimization problem (the theorem applied in each corresponds to the DUS
]—'f‘ " used and whether it has discrete or general support). This problem is theoretically
tractable when each subproblem satisfies the corresponding conditions in Theorems 9
and 13. Similarly, when each subproblem is of one of the forms treated in Examples
1, 2, 3, and 4, (3) can be formulated as a linear or second-order cone optimization
problem.

5.3.2 Testing linear-convex ordering

Next, we consider the case of the test based on LCX. We assume that we can represent
the cost function as

c(x;8) = k:nllfl_%KCk(x; §). (37)

where each ci (x; £) is concave in &.

Theorem 14 Suppose that we can express c(x; &) as in (37) with each cy (x; &) closed
concave in§. Let cpy(x; §) = infeeg (;‘ Te — cp(x: E)) be cy’s concave conjugate and

G = {0, 1}1X\{(0,...,0)}. Let

N
C'(x;v,n) = min vf +nr+ Z Zzy,i

’
rSs,Z,y,y

w,w/,f,g,h yegi=l1
s.t reR, ze]Rl_,_g‘XN, ye]le‘Xd, y’e]R‘_i_gl, weRled, w/e]le‘

feRy, geRE heRExd (38)

g — ) ykw), +7 =0 Vk=1,....K
veg

1 T ¢i ’ .

N(wyg —wy)SZy,i Vyeg,i=1,..., N

Wy < Yy, —Wy = Yy, W, SV, —w, Sy Vy eg

d

DB DI )

yeg \Jj=l1

hie =) viwy Vk=1,...,K
yeg

8k = Crx (x5 hyi) Vk=1,....K

(39)
Then, for any &' € &, under the assumptions of Theorem 1, we have
¢’ (x; Qey (). 1) = € (v FELE,)

€], +1 1 c(x; &)
N( )71_ N( ) - .
ez e g O | = o

> ()C; Qcy (1) —
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Moreover, if for a given x there exists a sequence &/ € B such that

. /
lim ||&/|| = oo, limsup clx: 57) >
11— 00 H

=0 (40)
oo [[g]][;

~

i.e., & is unbounded and the negative part of the cost function is sub-quadratic in &,
then, under the assumptions of Theorem 1, we have

€ (s Py ) =€ (x5 Qe an 1).

The first part of the Theorem 14 gives a finite linear optimization problem to approx-
imate C (x : C;/""I%N ) bounding it from above, and a range of similar problems—one

foreach ¢’ € &—that bound it from below and quantify the quality of approximation.
The upper bound and lower bound problems differ only in their objective coefficients
and a constant term. The objective coefficients differ by a quantity that shrinks with
HS ! | ‘2 suggesting that the approximation becomes better the larger & is. The sec-
ond part of Theorem 14 says that if &' is in fact unboundedly large, i.e., there exist
sequences of €’ with magnitude approaching infinity, and if there is one such sequence
that does not grow the constant term, then the reformulation is in fact exact. Note that
any cost function that is bounded below (e.g., nonnegative) is trivially sub-quadratic
in & and always satisfies this second condition with any sequence. Similarly, linear or
bi-linear cost functions are sub-quadratic in both the negative and positive directions
and satisfy this condition.

Notice that in the case where (40) holds, the reformulation of C (x; fg}‘v“ﬁN> (ie.,

c’ (x; Qcy(a1), 1)) does not explicitly involve ap—the significance of the test for
E [| |€] |%] This a consequence of the structure of the sub-quadratic cost function and
the unbounded support, which implies that the lower bound on E [l |&] |%] 1s not active
for the worst-case distribution. This is similar to an often observed phenomenon where
a worst-case distribution over a DUS restricting only mean and variance always attains
maximal (and not minimal) variance for many optimization problems (see e.g. [15,
43]). The implication is that we may let «p — 0, increasing the probability of the
finite-sample guarantee without affecting the solution X or the bound z. This is the
approach we take in the empirical study in Sect. 7.5 where we effectively set o = 0
and ignore the test for a lower bound on E [l |&] |%]

The DRO problem (3) is min,cx C (x; F). Therefore, for C;;,UI%N ,(3) can be formu-
lated as a single-level optimization problem by augmenting the minimization problem
given by C’ (x; Qcy (1), 1) with the decision variable x € X when (40) holds.
When (40) does not hold, this still yields a bound—i.e., the optimizer x satisfies

c’ ()E; Qcy (1), 1) >C ()E; C;\;f)[liz’N> >C (f; ]-'g;v’fxl%N), which means it inherits X’s
performance guarantee. Apart from the constraint x € X and the constraint (39), the

optimization problem that results is linear. The following provides general conditions
that ensure theoretical tractability.
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Theorem 15 Suppose that X C R% is a closed convex set for which a weak separation
oracle is given, that we can express c(x; &) as in (37) with each c (x; €) closed concave
in & for each x and convex in x for each &, and that oracles for subgradient in x and
concave conjugate in & (minimizing ¢ '€ — c(x; &) for any ¢ ) are given. Then we can
find an e-optimal solution to

minC’ (x; v, n)
xeX

in time and oracle calls polynomial in N, d,, 2%  log(1/¢€) for F = f-g'zlvalgN

Note that reformulation size, and accordingly the complexity above, grows expo-
nentially with K, i.e., as 2K _ 1, and linearly in N. At the same time, however, each
piece ci(x; &) may be a general convex-concave function. Consequently, for many
examples of interest, as detailed below, K may be 1 or 2. For these, and other exam-
ples, the reformulation becomes a single linear optimization problem, suitable for
off-the-shelf solvers.

Example 5 Bilinear cost pieces. One example of (37) with convex-concave pieces is
the max of bilinear pieces:

cx(x3 ) = pro + piix + piog +x Pk (41)
If & = {£ : BE > b} is polyhedral the corresponding concave conjugate is

. T T
Ch, (X3 §) = —pko — ppyx + max bl p,
>0, BT,O:C—pkz—Pka

and if & = R this simplifies to

T T
)y = ] TP T PgX §=piot P

In either case, we can represent (39) with a small number of linear inequalities and
variables. If X is also polyhedral, the DRO problem (3) becomes a single-level linear
optimization problem.

Example 6 Portfolio allocation. An important special case of the above is that of
portfolio allocation. Consider d securities with unknown future returns &;. We must
divide our budget into fractions x; > 0 invested in security i with ) ; x; = 1. The
return on a unit budget is x” &.

A popular metric for the quality of a portfolio is its conditional value at risk (CVaR).
The CVaR at level € of a portfolio [41] is defined as

CVaR, (x) = inf E [,B + lmax{—x'fg — B, 0}} .
BeR €
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Under continuity assumptions, CVaR, (x) is the conditional expectation of negative
returns given that returns are below the e-quantile. We can formulate the min CVaR
problem using (41) with only K = 2 pieces. We augment the decision vector as (8, x)
and write the cost function as

c((B, x); §) = max {,3, (I-1/e)B - STX/G}- (42)

As in Example 5, if X is also polyhedral, the DRO problem (3) becomes a linear
optimization problem. Since K = 2, the size of the problem only grows with N and
the dimension of X.

Example 7 Two-stage problem. Consider a two-stage linear optimization problem sim-
ilar to the one studied in Example 4:

c(x; &) = c¢’'x + min (f + GE)Ty
ye]Riy
s.t. A1x + Ay = a,

where & = {B& > b}, b € R™. Then c(x; &) is convex-concave and therefore
representable as in (37) with K = 1 convex-concave pieces. By linear optimization
duality, its concave conjugate is

cx(x;8) = —'x+ max blz-— ny
yeRf,zeRm

s.t. Aix + Ay = a,
BTz+GTy=¢.
Hence, if X is also polyhedral, the DRO problem (3) becomes a linear optimization

problem. Since K = 1, the size of the problem only grows with N and the dimension
of X.

6 Estimating the price of data

Our framework allows one to compute the price one would be willing to pay for further
data gathering. Given the present dataset, we define the price of data (PoD) as follows:

PoD:Z(é‘,...,sN) —E[z(sl,...,sN,gN“) ‘g‘,...,sN]. 43)

PoD is equal to the expected marginal benefit of one additional data point in reducing
our bound on costs.
One way to estimate the above quantity is via resampling:

POD%E@I,...,%‘N)— ! iz(él,...,sN,si). (44)
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The resampled average can also be, in turn, estimated by an average over a smaller
random subsample from the data. This approach is illustrated numerically in Sect. 7.5.
In the case of the newsvendor problem using the KS test, the closed form solution
yields a simpler approximation. Observe that in Proposition 7, small changes to the
data change X very little and the costs for £ near X (in particular, between i}, and ip;)
are small compared to costs far away from x. Thus, we suggest the approximation

PoD ~ (Qp,, (@) — Oy, (@) (c (f; g) +o (% §)) . 45)

This approximation is illustrated numerically in Sect. 7.1.
We can write a more explicit approximation using the asymptotic approximation
of Qpy (@) (see [50]) and 1/+/N — 1/+/N + 1~ 1/(2N?3/?) for large N:

q ( > > 1.36, o« =0.05,
PoD ~ ——= (c X; &) +c (f; 5) where gy = {4 1.22, o =0.1,
2N3/2 B 107, a=0.2.

7 Empirical study

We now turn to an empirical study of Robust SAA as applied to specific problems in
inventory and portfolio management. The cost functions are all specific cases of the
examples studied in Sect. 5. Recall that in these examples the resulting formulations
were all linear and second-order cone optimization problems.

Before proceeding to the details of our experiments, we summarize our main find-
ings.

— Robust SAA yields stable, low-variance solutions, in contrast to SAA and 2-SAA.
Indeed, for small to moderate N, Robust SAA performs comparably to both meth-
ods in terms of expected out-of-sample performance, but significantly outperforms
both in terms of out-of-sample variability.

— In agreement with our theoretical findings, Robust SAA’s bounds hold with prob-
ability 1 — «, even for small values of N. By contrast, for some problems, 2-SAA
may yield invalid bounds that do not hold with probability 1 — «, even for very
large N.

— Robust SAA typically produces significantly tighter bounds than the method of
[15], especially for small to moderate N.

— The above observations regarding Robust SAA seem to hold generally for many
choices of GoF test, so long as this test is c-consistent for the relevant problem.

7.1 Single-item newsvendor and the KS test

We begin with an application to the classic newsvendor problem with a bounded,
continuous demand distribution, as studied in Example 2, with the KS GoF test. As
noted in Proposition 7, Robust SAA admits a closed-form solution for N sufficiently
large, and can be solved as a small linear optimization problem otherwise. We compare
its solution to SAA, 2-SAA, and the method of [15] (which in this case can also be
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Fig.3 The PDFs of the demand distributions considered for the newsvendor problem. a Normal. b Gumbel.
¢ Mixed

solved closed-form). We use a significance level of @ = 20% (i.e., 80% confidence)
for all methods. All optimization problems are solved using GUROBI 5.5 [24].

We consider a 95% service-level requirement (b = 19, h = 1) and each of the
following distributions, all truncated to lie between 0 and 250:

1. Normal distribution with mean 100 and standard deviation 50.

2. Right-skewed Gumbel distribution with location 70 and scale 30/y (the Euler
constant).

3. Mixture model of 40% normal with mean 40 and standard deviation 25 and 60%
right-skewed Gumbel with location 125 and scale 15/y.

For reference, we plot their PDFs in Fig. 3.

In Fig. 4 we focus on the results for the bounded normal distribution (the results
for the other distributions are shown in Fig. 6b). In Panel 4a, we present the full-
information optimum (1), SAA estimates (2), 2-SAA upper-bound (5), the bound of
[15] (labeled “Delage & Ye *10 DRO Bound” in the figure), and Robust SAA upper
bounds 7 as a function of N. For reference, we also present the non-data-driven bound
of [43] that requires knowledge of the true mean and true standard deviation (labeled
“Scarf’58 DRO Bound” in the figure). The center lines represent the mean over several
draws of the data and error bars represent the 20th and 80th percentiles over the draws
of the data. The number of draws for each N was chosen so that the mean has a
standard error of no more than 0.1 standard deviations—this ensures that estimation
errors are imperceptible in the figure.

We first observe that both the SAA estimates and 2-SAA bounds converge to the
full-information optimum zgch as expected. However, the SAA exhibits a strong bias;
it frequently provides estimates that are below the full information optimum (65% of
the time for N = 100) which is an unattainable performance. This phenomenon is not
unique to this problem. The SAA estimate for any fixed N will always have adownward
bias in estimating the full-information optimum Zstoch-> Fortunately, 2-SAA seemingly
corrects for this bias, yielding a valid bound in this example.

5 This is most easily seen by noting:

N N
, 1 . o .
E[tsan] =E {;Ig} 5 2 €t S’)} = min = ; E [c(x; sf)] = Zytoch < Elc(xsan; 1.

J=l1
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Fig. 4 Comparison of SAA estimates, 2-SAA guarantees, data-driven DRO of [15], bound of [43] and
Robust SAA guarantees. All data-driven methods use a significance of @« = 20%. Note the log scales.
a Estimates and bounds: center lines are means over replicates and error bars are the 20th and 80th
percentiles. b Variance of recommended decisions. ¢ Variance of estimates and bounds

Nonetheless, both SAA and 2-SAA exhibit large variability (large error bars), espe-
cially for small samples. This is perhaps more easily seen in Panels 4b, c where we plot
the variance of the recommended order quantity and the estimate or bound over the
data replications. Indeed, it can be seen in these plots that by sacrificing half the data
when computing an ordering decision, 2-SAA indeed exacerbates SAA’s instability,
generally exhibiting about twice the variance.

By contrast, the data-driven guarantees of [15] do not converge to the full-
information optimum, but rather to the bound of [43]. This is intuitive since as N — o0,
the asymptotics in (24) suggest the DUS of [15] converges to the DUS of [43]. As
discussed, by interpreting the DUS of [15] as a hypothesis test, we can improve these
thresholds using bootstrapping, yielding the “Delage & Ye *10 (bootstrapped)” bound
in the figure. While bootstrapping improves the bound significantly, the asymptotic
performance remains the same. On the other hand, this bound is valid at level 1 — «
and is significantly less variable than both SAA and 2-SAA.

Finally, Robust SAA combines the strengths of all three approaches. It correctly
converges to the full-information optimum, itis a valid 1 —« bound on the true optimum
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Fig. 5 The price of data in the PoD (% of opt)
newsvendor problem: average of 10% +
true PoD in solid black and of its
distribution-agnostic 0.1% |
approximation (45) in dashed ’ .
ray. Note the log scales R
e : 1073% ¢ T
.
107°% Dy
1077% Samples

100 1000 10* 103 106

(cf. Panel 4a), and it exhibits much smaller variance than both SAA and 2-SAA. In
particular, in Panel 4b we see that the Robust SAA order quantity has significantly
smaller variance than both the SAA and 2-SAA order quantities for N < 103, and, for
large N, the variance of Robust SAA and SAA are indistinguishable on a log-scale.
While 2-SAA achieves tighter performance bounds for moderate N > 102, it does
so at the cost of data used for choosing a recommended decision, yielding one with
variance that is noticeably higher than both SAA and Robust SAA. Similar effects are
seen in Fig. 4c.

7.2 Price of data for a newsvendor

Panel 4a demonstrates another typical property of SAA. Because of their downward
bias, SAA estimates initially increase as we obtain more data, suggesting (incorrectly)
that the price of data is negative. Neither 2-SAA nor the method of [15] share this
defect, but even by roughly “eye-balling” the derivatives of these curves, it seems clear
that they cannot provide a good estimate of the value of an additional data point.

By contrast, the PoD as estimated using Robust SAA is extremely accurate for this
example. In Figure 5 we show the actual PoD and our estimate from Sect. 6 using
Robust SAA. They are virtually indistinguishable on a log-scale.

7.3 Single-item newsvendor with unbounded distributions and other GoF tests

We next extend our previous test to consider unbounded distributions and our other
univariate GoF tests. We consider unbounded variants of each of our previous three
distributions, using the DUS Fg}lvﬁfm with ¢ (§) = & as in Example 2, and Student’s
T-test to compute Oy (ap) as outlined in Sect. 3.2. We set oy = 15% and oy = 5%,
yielding a total significance of 20%, comparable to previous example. We use IPOPT
3.11 [54] to solve the optimization problem for the AD test, and Gurobi otherwise.
We compare to the same methods as the previous section.

Figure 6 summarizes our findings. In Panel 6a, we consider the same bounded
normal distribution from the previous section and see similar convergence and vari-
ability for the various tests. This observation holds for the other distributions as well.
In Panel 6b, we see the performance of Robust SAA with the KS test for the differ-
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Fig. 6 Probabilistic guarantees of Robust SAA (i.e., z) for the singled-item newsvendor problem with
significance 20%. a Guarantees: various tests. b Guarantees: various distributions. ¢ True cost and guarantees

ent distributions. Notice, we observe asymptotic convergence (at a similar rate) for
each choice. In both panels, dashed lines indicate the full-information optimum Zzgoch-
Panel 6¢ displays the distribution of true costs z = Er[c(x; §)] (light gray) and guar-
antees 7 (dark gray) for the Kolmogorov—Smirnov test with N = 300 samples from
the bounded normal distribution.

We believe these numerical results confirm that the guarantees and asymptotic
convergence of Robust SAA hold irrespective of the unknown distribution F and which
uniformly consistent test is used. Different tests also seem to yield mostly comparable
results, with the AD test providing slightly better results when N is at least 100. With
small N, the Kuiper and Watson tests seem to perform the best. These observations
should not, however, be taken as general conclusions about the relative performance
of these tests for general problems. The conservatism of the guarantees depends both
on the structure of the cost function as well as the true, unknown distribution and how
we test it. For practical purposes, if the convergence rates are comparable as they are
here, we recommend to choose the test that yields the simplest optimization problem,
which in this case is the KS test.

7.4 Multi-item newsvendor

We now consider the multi-item newsvendor problem, which is a special case of a
separable cost function as considered in Sect. 5.3.1. In the multi-item newsvendor we
have X = {x € Rﬂlr : Z?Zl x; <k} for some capacity x and

d
c(x; &) = Zci (xi3 &),

i=1

where each ¢; takes the form of a newsvendor cost function with its own parameters
bi, h;.

We consider the case of three items, each having demand distributed as one of the
three bounded distributions considered in the single-item case, with the parameters
k =250,by =9,by =6,b3 =3,h; =3, hy =2, h3 = 1. In our application of
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Fig. 7 The probabilistic guarantees of Robust SAA for the multi-item newsvendor problem. The vertical
lines denote the span from the 20th to the 80th percentile. The dashed line denotes the full-information
optimum

Robust SAA we employ the test based on marginals where, for different choices of
univariate test, we use the same GoF test for each marginal, each at significance of
o; = 6.67% (total significance 20%).

We present the results in Fig. 7. As before, the center lines represent the mean over
several draws of the data and error bars represent the 20th and 80th percentiles, and
the number of draws for each N was chosen so that the mean has a standard error of
no more than 0.1 standard deviations. The main observation is that the prediction of
the c-consistency theory holds: we observe convergence of guarantees even though
testing marginals is not generally a uniformly consistent test but rather a c-consistent
test for this particular problem.

7.5 Portfolio allocation

We now consider the minimum-CVaR portfolio allocation problem as studied in Exam-
ple 6. Portfolio allocation is well-known to be a challenging problem for SAA and,
consequently, has been studied in the data-driven setting by a number of authors
[15,16,27,33]. We minimize the 10%-level CVaR of negative returns of a portfolio of
d = 10 securities. The random returns are supported on the unbounded domain R'?
and given by the factor model

L
TR

&, i=1,...,10, (46)

where 7 is a common market factor following a normal distribution with mean 2.5%
and standard deviation 3% and ¢;’s are independent idiosyncratic contributions all
following a negative Pareto distribution with upper support 3.7%, mean 2.5%, and
standard deviation 3.8% (i.e. {; ~ 0.05 — Pareto(0.013, 2.05)). All securities have
the same average return. Lower indexed securities are more volatile but are also more
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Fig. 8 The PDFs of the distributions of security returns considered for the portfolio allocation problem. a
i=1bi=5¢ci=10

independent of the market factor. In our opinion, these features—a low-dimensional
factor model and long tails—are common in financial data. We plot the PDFs of the
returns of a few of the securities in Fig. 8.

For samples drawn from this distribution, we consider data-driven solutions by the
SAA, 2-SAA, the DRO of [15], and Robust SAA using the test for LCX. We use
a total significance of @« = 20% for each method. We use the bootstrap to compute
Qcy (@) (see Sect. 9.3). The constants y; y(«), 2, n(a), y3,n(a) (see (22)) for the
DRO of [15] are only developed therein for the case of bounded support, so in order
to offer a fair comparison, we bootstrap these thresholds. We use GUROBI 5.5 [24]
to solve all optimization problems.

We summarize our results in Fig. 9. In Panel 9a we present the various estimates
and bounds as a function of N. As before, the center lines represent the mean over
several draws of the data and error bars represent the 20th and 80th percentiles, and
the number of draws for each N was chosen so that the mean has a standard error of
no more than 0.1 standard deviations.

Notice that similar to our single-item newsvendor example, both SAA and 2-SAA
converge to the full information optimum. Unlike our previous example, however, we
observe that SAA has a very low variance. Unfortunately, it is significantly biased
downwards. Indeed, it (incorrectly) appears to outperform the full-information opti-
mum for N < 103.

By contrast, 2-SAA does seem to provide an upper bound, albeit a highly variable
one. We emphasize “seem” because the full-information optimum falls well-within
the error bars for 2-SAA in Panel 9a. In other words, the 2-SAA bound does not hold
with probability close to the desired 1 — o = 80%. This fact is more clearly seen
in Panel 9b where we plot the frequency with which the 2-SAA guarantee actually
upper bounds its out-of-sample performance. One can see that the guarantee only holds
about 50-60% of the time, well below the desired 80%. This failure of 2-SAA can be
attributed to the high-degree of non-normality in the cost estimates on the validation
sample, which is in turn caused by the long-tails in the factor model (46). In other
words, the Student T approximation in (5) is very inaccurate. Numerical simulation
confirms that N must be very large before this approximation is acceptably accurate
(N > 107). In our experiments, we have also used other approximations in place of
the Student T approximation in (5), e.g., the bootstrap, and observed similar behavior.
The fundamental issue is that it is difficult to create a small, valid confidence interval
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Fig. 9 Comparison of various data-driven approaches to the portfolio allocation problem (42). Where
applicable, center lines are means over replicates and error bars are the 20th and 80th percentiles. a Estimates
(SAA) and bounds (other methods). b Frequency of guarantee validity. ¢ Out-of-sample performance relative
to Zgtoch- d Total variance of recommended decisions

for the mean for a non-parametric, long-tailed distribution without large amounts of
data. This difficulty poses a significant obstacle for 2-SAA and similar methods. We
emphasize that that this example is not pathological. Long tails are common in many
financial applications.

Finally, the method of [15] does provide a valid bound that holds with the desired
significance, but does not converge to the full-information optimum (cf. panel 9a).
Moreover, it is extremely variable, even for large N.

By contrast, Robust SAA again seems to draw on the strengths of the three
approaches. It converges correctly to the full-information optimum, and it exhibits
low-variability similar to SAA (cf. Panel 9a). Moreover, it is a valid bound with prob-
ability at least 80% on the out-of-sample performance. In fact, as seen in Panel 9b the
bound is actually valid over all of our samples, i.e., with probability close to 1 for all
N.
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Fig. 10 The price of data in PoD (% of opt)
portfolio optimization: average
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While Panel 9a describes the bounds and (in-sample) estimates, Panel 9c illustrates
the out-of-sample performance of each method in terms of suboptimality to the full-
information optimum. One can see that Robust SAA outperforms all of the previous
methods on average for all values of N.

Finally, Panel 9d plots the total variance (sum of the variance of each component)
of the recommended portfolio for each method. Roughly speaking, portfolios with
large variance may incur large transaction costs from the frequent need to rebalance.
One can see clearly that again, Robust SAA yields the lowest variance solutions of
the compared approaches. Admittedly, in a real-life application of portfolio allocation
we would likely introduce additional constraints over time to explicitly control the
transaction costs, but we still feel that studying the variance of the unconstrained
portfolio is insightful.

To conclude the experiment, we can again consider the price of data. In Fig. 10 we
compare the true price of data (43) for the LCX-based DRO bound and the resampling
based approximation of it (44). On a log-scale, the two values are again indistinguish-
able.

8 Conclusion

In this paper, we proposed a novel, tractable approach to data-driven optimization
called robust sample average approximation (Robust SAA). Robust SAA enjoys the
tractability and finite-sample performance guarantees of many existing data-driven
methods, but, unlike those methods, additionally exhibits asymptotic behavior similar
to traditional sample average approximation (SAA). The key to the approach is a novel
connection between SAA, DRO, and statistical hypothesis testing.

In particular, we were able to link properties of a data-driven optimization prob-
lem, i.e., its finite sample and asymptotic performance, to statistical properties of an
associated goodness-of-fit hypothesis test, i.e., its significance and consistency. As a
theoretical consequence, this connection allow us to describe the finite sample and
asymptotic performance of both Robust SAA and other data-driven DRO formula-
tions. As a practical consequence, our hypothesis testing perspective first, sheds light
on which data-driven DRO formulations are likely to perform well in particular appli-
cations and second, enables us to use powerful, numerical tools like bootstrapping
to improve their performance. Numerical experiments in inventory management and
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portfolio allocation confirm that our new method Robust SAA is tractable and can
outperform existing data-driven methods in these applications.
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9 Appendix
9.1 Proof of Theorem 1

Proof We will show that C(x; F) is continuous in x and that when c(x; &) satisfies
the coerciveness conditions, C(x; F) is also coercive. The result will then follow from
the usual Weierstrass extreme value theorem for deterministic optimization [5].

LetS ={x € X :C (x; F) < oo}. Byassumptionxg € S,so0 S # &.Consequently,
we can restrict to minimizing over S instead of over X.

Fix any x € X. Let € > 0 be given. By equicontinuity of the cost at x there is a
8 > O such that any y € X with ||[x — y|| < § has |[c (x; &) —c (y; &)| < € for all
& € &. Fix any such y. Then

C(y:F) = sup Eglc(y;£)] < sup Egle(x:6)]+e=C(x; F)+e, (47)

FoeF FoeF
C(x; F) = sup Egle(x; &) < sup Eglc(y; )] +e=C(y; F) +e. (43)
FoeF FoeF

Note that (48) implies that S is closed relative to X, which is itself closed. Hence, S
is closed. Furthermore, (47) and (48) imply that C (x; ) is continuous in x on S.

If S is compact, the usual Weierstrass extreme value theorem provides that the
continuous C(x; F) attains its minimal (finite) value atan x € § C X.

Suppose S is not compact. Since S C X is closed, this must mean S is unbounded
and then X is unbounded and hence not compact. Then, by assumption, c(x; &) satisfies
the coerciveness assumption. Because S is unbounded, there exists a sequence x; € S
such that lim;_, » ||xo0 — x;|| = oc. Then by the coerciveness assumption, c;(§) =
c(xj; &) diverges pointwise to infinity. Fix any Fp € F. Let clf (¢) = inf;>; c;(§),
which is then pointwise monotone nondecreasing and pointwise divergent to infin-
ity. Then, by Lebesgue’s monotone convergence theorem, lim; o EF, [cl’. (&)] = oo.
Since ¢; < c; pointwise for any j > i, we have Eg [c/(§)] < inf;>; Ep[c;(§)] and
therefore

oo = lim ]Epo[cl/.(é)] < lim inf Efg[c;(§)] = liminf Eg[c; (§)].
i—00 i—00 j>i i—00

Thus C(x; F) > Ef,l[c(x; &)] is also coercive in x over S. Then, the usual Weierstrass
extreme value theorem provides that the continuous C (x; F) attains its minimal (finite)
valueatanx € S C X. m]
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9.2 Proof of Proposition 2

Proof Suppose that ¢(x;§) — o0 as § — oo. The case of unboundedness in the
negative direction is similar. Choose p > 0 small so that €@ — £(=D > 2 for all .
Fors > O0and &’ > ¢™) 4 p, let Fs ¢ be the measure with density function
1/@Np) &0 —p<tg<&D4pforl <i <N-—1,
1/@Np) &M —p+5p <t <&M 4 p—5p,

1/(2Np) & <& <& +26p,

0 otherwise.

fE:8,8) =,

In words, this density equally distributes mass on a p-neighborhood of every point
D except eV For e™V) we “steal” § of the mass to place around £’. Notice that for
any &/, Fo ¢ (ie., take § = 0) minimizes Sy (Fp) over distributions Fy. Since a > 0,
Qsy () is strictly greater than this minimum. Since Sy (F5 ¢/) increases continuously
with § independently of &, there must exist § > 0 small enough so that Fs ¢ € }"‘S"N
for any & > £éV) 4 p.

Let any M > 0 be given. By infinite limit of the cost function, there exists &' >
eWN) 4 p sufficiently large such that ¢(x; £) > MN/$ for all £ > &’. Then, we have

C(x:78,) 2 Br le: )] = P (6 = &) MN/5 = M

Since we have shown this for every M > 0, we have C (x; J—"g‘N> = 00. O

9.3 Computing a threshold Qc, ()

We provide two ways to compute Qc,, («) for use with the LCX-based GoF test. One
is an exact, closed form formula, but which may be loose for moderate N. Another
uses the bootstrap to compute a tighter, but approximate threshold.

The theorem below employs a bound on Er [| €] |%] to provide a valid threshold.
This bound could either stem from known support bounds or from changing (15) to a
two-sided hypothesis with two-sided confidence interval, using the lower bound as in
(17) and the upper bound in (49) given below.

Theorem 16 Let N > 2. Suppose that with probability at least 1 — an, Ef [I ISII%] <
ORry (a2). Let oy € (0, 1) be given and suppose Fy <rcx F. Then, with probability
at least 1 — o1 — ap,

Er [11§13] < Cry (@) and

- p 27+%
Cn(Fo) < (1+ Ory (@) (1 + ﬂ)

\/d—|—1+(d+1)10g< ) ( ) (49)
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where

p= % <\/log(256) + 8log (N) + (log 2N))* — log (2N)) e(1,2). (50

Hence, defining Q ¢, (1) equal to the right-hand side of (49), we get a valid threshold
for Cy in testing Fy <j;cx F at level .

Proof Observe

Cn(Fp) < IIalllleilrl)alsl (Epo[max {aTS —b, O}] — Efp[max {aTé — b, 0}])

+  sup <EF[max {aTé —b,O}] — %XN:max {aTSi —b,O})
i=1

[lall;+1b]<1
1 & .
< sup E p[max {aTS — b, 0}] - — Zmax {aTS’ — b, 0} ,
lally+1b]<1 NS

D

where the first inequality follows by distributing the sup and the second inequality
follows because Fy <rcx F.Next, we provide a probabilistic bound on the last sup,
which is the maximal difference over ||a||; + |b| < 1 between the true expectation of
the hinge function max {aTé — b, O} and its empirical expectation.

The class of level sets of such functions, i.e.,S = {{S € & : max {aTS — b, 0} < t} :
[lall; + |b] < 1, t € R}, is contained in the class of the empty set and all halfspaces.
Therefore, it has Vapnik-Chervonenkis dimension at most d 4 1 (cf. [53]). Therefore,
Theorem 5.2 and equation (5.12) of [53] provide that for any € > 0 and p € (1, 2],

1 1 .
P _ ]E Tg b’ O _ Tgei b, 0 ) )
(||a||1siga|§1 Dp(a,b)< plmax fa”e J Ni;maX{a § l)>e

(52)

@+Dog () +1 ¢

N 2-2/p
N2-2/p 21+2/p N

< 4exp

where D, (a, b) = fooo (]P’F (max {aTéE — b, 0} > t))l/p dt.
Notice that for any |lall; + |b| < 1, we have 0 < max{a’& —b,0} <

maX{1,||§||oo} < max{l,||f;‘||2} and hence Ep [max{aTS—b,O}z] < max

{12, EF [1I€113]} < 1+ EF[II€]13]. These observations combined with Markov’s
inequality yields that, for any ||a||; + |b] < 1 and p € (1, 2), we have
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Dy(a,b) = T (pp (max a7z — b0} = ) ar <1
[ (Br (max | }=1)

+/loo (Br [max{a”e o, 0}2])1/Pd

t2/p

< (1+E[1eg])” (1 + %) < (1+Er [1£18)) (1 + ﬁ)

This yields a bound on D) (a, b) that is independent of (a, b). Using this bound takes
Dp(a, b) out of the sup in (52) and by bounding Er [||]13] < O, (@2) (which
holds with probability 1 — «;), we conclude from (52) that (49) holds with probability
1 — a1 —ap for any p € (1, 2). The p given in (50) optimizes the bound for N > 2.

O

t

Next we show how to bootstrap an approximate threshold Qc), («). Recall that we
seek a threshold Qc,, («) such that P (CN(FO) > Qcy (a)) < a whenever Fy <icx
F. Employing (51), we see that a sufficient threshold is the (1 — «)th quantile of

N
1 .
sup (]Ep[max {aT’;‘ —b,O}] — —Zmax {aTél —b,O}) ,
lall,+1b1<1 NI

where &' are drawn IID from F. The bootstrap [20] approximates this by replacing

F with the empirical distribution Fy.In particular, given an iteration count B, for
t=1,..., Bitsets

N N
Q'= sup (l Zmax {aTéi —b,O} — lX:max {aTgt’i —b,O}) (53)
llall+bi<t \ N = N =

where éf’i are drawn IID from ﬁN, i.e., IID random choices from {& 1 ..., éN}. Then
the bootstrap approximates Q ¢, («) by the (1 —«)th quantile of {(0', ..., 0B}. How-
ever, it may be difficult to compute (53) as the problem is non-convex. Fortunately
(53) can be solved with a standard MILP formulation or by discretizing the space and
enumerating (the objective is Lipschitz).

In particular, our bootstrap algorithm for computing Qc,, («) is as follows:

Input: f;‘l, ..., &N drawn from F, significance 0 < o < 1, precision § > 0, iteration
count B

Output: Threshold Qc¢, («) such that IP(C N (Fo) > QOcy (a)) < « whenever
Fo =rcx F.

Fort=1,..., B:
1. Draw -1, ... E-N 1ID from Fy.

2. Solve Q" = Sup|4 |, +/p|<1 (% >N max {a”&" —b,0)

- % 11'V=1 max {aTgl’i — b, 0} > to precision §.

Sort 0V < ... < 9® and return QI1=®BD 4§,
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9.4 Proof of Proposition 4

Proof We first prove that a uniformly consistent test is consistent. Let Go # F be
given. Denote by d the Lévy-Prokhorov metric, which metrizes weak convergence (cf.
[9]), and observe that d(Gq, F) > 0.

Define Ry = sup FoeFy d(Fy, F). We claim that if the test is uniformly consistent,
then P (Ry — 0) = 1. Suppose that for some sample path, Ry 4 0. By the defi-
nition of the supremum, there must exist 6 > 0 and a sequence Fy € Fyu such that
d(Fy, F) > § i.0. Since d metrizes weak convergence, this means that Fy does not
converge to F'. However, Fy € Fy for all N, i.e. it is never rejected. Therefore, by
uniform consistency of the test, the event that Ry -/ 0 must have probability 0. Le.,
Ry — Oas.

Since a.s. convergence implies convergence in probability, we have that P (Ry < €)
— 1 for every € > 0, and, in particular, for ¢ = d(Gg, F') > 0. Hence we have,

P(Go € Fn) =P (d(Go, F) < Ry) = 0.

This proves the first part of the proposition.

For the second part, we describe a test which is consistent but not uniformly consis-
tent. Consider testing a continuous distribution F with the following univariate GoF
test:

Given data & 1, R .§N drawn from F and a hypothetical continuous distribution Fj :
Let £ = |log, N], k = N —2°.

k k+1
If27§Fo(§1)§

5 then Fj is not rejected.

Otherwise, reject Fy if it is rejected by the KS test at level 7

applied to the data 52, e, EN.

Notice that under the null-hypothesis, the probability of rejection is

k k+1
P(Fp rejected ) = P (Fo(él) ¢ [27, 2%]) P(Fy is rejected by the KS test)
—(1-2H—2  —q
B 1—2-¢t 7

where we’ve used that £! is independent of the rest of the sample, and Fo(EY) is
uniformly distributed for F{ continuous. Consequently, the test is a valid GoF test and
it has significance «.

We claim this test is also consistent. Specifically, consider any Fy # F. By conti-
nuity of Fj and consistency of the KS test,

k k+1

P (Fp is rejected) = P (Fo(él) ¢ |:27, 2—5]> P (Fy is rejected by the KS test) —> 1.
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However, the test is not uniformly consistent. Fix any continuous Fy # F and let

ek 1 k+1
Fy = Ifo if 57 S.FO("S ) = S
Fy  otherwise.

Observe that 0 < Fo(¢') < 1 and [0, 1] = 2! [2% %] That is, for every ¢,
Fy = Fyatleastonce for N € {2¢, ..., 2¢t1 — 1}. Therefore Fy = Fji.0., so it does

not converge weakly to F'. However, as constructed, Fy is never rejected by the above
test. This is done for every sample path so the test cannot be uniformly consistent. O

9.5 Proofs of Theorems 2 and 3

We first establish two useful results.

Proposition 8 Suppose Fy is the confidence region of a uniformly consistent test and
that Assumptions 1 and 3 hold. Then, almost surely, Ef, [c(x; §)] — EFr[c(x; §)] for
any x € X and sequences Fy € Fy.

Proof Restrict to the a.s. event that (Fy A F — Fy ¢ Fyi.0.). Fix Fy € Fy.
Then the contrapositive gives Fy — F. Fix x. If & is bounded (Assumption 3a) then
the result follows from the portmanteau lemma (see for example Theorem 2.1 of [9]).
Suppose otherwise (Assumption 3b). Then Ef, [¢(§)] — Er[¢(§)]. By Theorem 3.6
of [9], ¢ (£) is uniformly integrable over {F|, F>,...}. Since c(x; &) = O(¢p(&§)), itis
also uniformly integrable over {F], F>, ... }. Then the result follows by Theorem 3.5
of [9]. |

The following is a restatement of the equivalence between local uniform convergence
of continuous functions and convergence of evaluations along a convergent path. We
include the proof for completeness.

Proposition 9 Suppose Assumption 1 holds and C(xy; Fn) — Erlc(x; &)] for any
convergent sequence xy — x. Then (18) holds.

Proof Let E C X compactbe given and suppose to the contrary thatsup, .z [C(x; Fn)
—Er[c(x; £)]| & 0.Then3e > Oandxy € E suchthat|C(xy; Fn) —Erlc(xy; &)]
> €1.0. This, combined with compactness, means that there exists a subsequence N1 <
Ny < -++ < Ny — oosuchthatxy, — x € E and |C(xy,; Fn,) — Erlc(xn,; )] >
€ Vk. Then,

0 <€ < |[Cxny: Fi) — Erle(xn,: §)1] < [Clan,: Fap) — Erle(x: §)]
+|Erlex; £)]1 — Eple(xn,; 6)]1] -
By assumption, 3k; such that ‘C(xNk; Fn) — Erle(x; S)]‘ < €/4 Yk > k;. By
equicontinuity and xy, — x, dka such that |c(x; &) —clxng; S)‘ < e€/4VE, k > k.
Then,

Erlc(x; &)1 — Erlc(xn; 1] < Erlle(x; &) — clxn,; £)|1 < €/4 V&, k > ko.
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Combining and considering k = max {k1, k2}, we get the contradiction € < €/2 for
strictly positive €. O

We prove the “if”” and “only if” sides of Theorem 2 separately.

Proof (Proofs of Theorem 3 and the “only if” side of Theorem 2) For either theorem
restrict to the a.s. event that

Erylc(x; §)] — Ep[c(x; §)] for every x € X and sequences Fy € Fy (54)

(using Proposition 8 for Theorem 2 or by assumption of c-consistency for Theorem
3).

Let any convergent sequence xy — x and € > 0 be given. By equicontinuity and
XNy — x,3dNj suchthat |c(xy; &) —c(x; &) <€/2VE, N > Ni. Then, VN > Ny,

ICxn; Fn) —Clx; Fo)l < sup |Ep, [e(xn; &) — c(x; ©)]
FoeFn
< sup Epg [lc(xn;&) —c(x;8)|] <€/2.
FoeFn

By definition of supremum, 3Fy € Fy such that C(x; Fy) < Ep,lc(x; )] +
€/4. By (54), Epylc(x; )] — Efg[c(x; &)]. Hence, AN, such that ‘]EFN[c(x; &)]
—Erlc(x; & )]‘ < €/4VN > N,. Combining these with the triangle inequality

ICCxn: Fn)—Er[c(x; )] <IC(xn: Fy) — Clx; Fy)| + 1C(x; Fy) — Erple(x; §)]I,
we get
ICxn; FN) —Erple(x; 6)]l <€ VN >max{Ny, N2}.

Thus, by Proposition 9, we get that (18) holds.

Let Ay = argminyex C(x; Fu). We now show that | Jy Ay is bounded. If X is
compact (Assumption 2a) then this is trivial. Suppose X is not compact (Assumption
2b). Using the same arguments as in the proof of Theorem 1, we have in particular
that limy|x||— o0 Ep[c(x; §)] = 00, Zstoch = minyex Ep[c(x; §)] < oo, that A =
argminycx Ep[c(x; £)] is compact, and each Ay is compact. Let x* € A. Fix € > 0.
By definition of supremum 3Fy € Fy such that C(x*; Fy) < Ep,lc(x™; §)] + €.
By (54), Ery[c(x*; )] — Erlc(x*; £)] = Zstoch- As this is true for any € and since
minyex C(x; Fy) < C(x*; Fy), we have limsupy_, ., minyex C(x; Fn) < Zstoch-
Now, suppose for contradiction that | J ~N AN 1s unbounded, i.e. there is a subse-
quence Ny < Np < --- < Ny — oo and xy, € Ay, such that HxNkH — 0.
Let 8 = lim SUPg s o0 INfe¢p (X3 &) = liminfy o infegp c(xy; §) > —o0 and
d = min {0, 8’ } By D-uniform coerciveness, 3k such that c(xy,; &) > (Zstoch +
1 —68)/F(D) VY& € D, k > kg. In the case of Theorem 2, let Fiy be any Fy € Fu.
In the case of Theorem 3, let Fy be the empirical distribution Fy = F v € Fn.
In either case, we get Fy — F weakly. In particular, Fy(D) — F(D). Then

Erylc(xng: €)1 = Fn(D) X (Zsioch + 1 — 8)/F(D) 4+ min {0, infzgp c(xn,; §)}
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Vk > ko. Thus limsupy_, o, mingex C(x; Fy) > limsup,_,  mineex C(x; Fp,) >
Zstoch + 1 — 8 4+ 8 = Zstoch + 1, yielding the contradiction zgoch + 1 < Zstoch-
Thus A compact such that A C Ay, Ay S Awo. Then, by (18),

min C(x; Fy) — min Erlc(x; §)]

x€Axo

Sy = minC(x; Fy) —min Ep[c(x; 5)]' =
xeX xeX

< sup |C(x; Fn) — Efple(x; §)]| - 0,

x€Ax

yielding (19). Let xy € Apn. Since Ay is compact, xy has at least one con-
vergent subsequence. Let xy, — x be any convergent subsequence. Suppose for
contradiction x ¢ A, ie., € = Ep[c(x;§)] — Zstoch > 0. Since x5, — x and
by equicontinuity, 3k such that |c(xNk; &) —c(x; S)‘ < €/4 V&, k > k;. Then,
|Erlc(xng &)1 —Erple(x; §)] < L E) —c(x; §)|] < €/4 Yk = ki. Also
Jk; such that 8, < €/4 Vk > ky. Then, for k > max {ky, k2},

iréi)r(lC(x; Fn) =Clxngs Fap) = Erple(xn,; )1 — 6y, = Erple(x; §)]
- 6/2 > Zstoch T 6/2-

Taking limits, we contradict (19). O

Proof (Proof of the “if” side of Theorem 2) Consider any Z bounded (R =
supgcz |1€]| < 00). Let X = R?, and

e1(x: ) = [fxll (24cos (x78)), eatxi ) = Ilxll (2= cos (x7¢) ).
esri ) = Il (24sin (x7§)) . eatxi ) = Il (2—sin (x7¢) ).

Since |c;j(x;&)] < 3||x]||, expectations exist. The gradient of each ¢; at x has
magnitude bounded by R [|x|| + 3 uniformly over &, so Assumption 1 is satisfied.
Also, lim|jy|| o0 ¢i(x;§) > limx| -0 ||x]| = o0 uniformly over all § € & and
ci(x; &) > 0, so Assumption 2 is satisfied.

Restrict to the a.s. event that (18) applies simultaneously for ¢y, ¢3, ¢3, c4. Let any
sequence Fy - F be given. Let I denote the imaginary unit. Then, by the Lévy

. . P . . T
continuity theorem and Cramér-Wold device, there exists x such that Er, [eI o 5] a

Er [e’xTé]. On the other hand, by (18),

21x|| + Il sup Eg, [cos (x"¢

—> 2 |lxl] + 1x] | Er [cos (x7¢)]
FoeFn

20kl = llxllinf Ep, [cos (+7€) | —> 21kxll = [lxl| Er [cos (x¢)]
FoeFn

FoeFn

\_/\/\_/\_/

201x11 + [IxI| sup Er, [sin (x7&) | — 211xI| + 1[I Er [sin (x7¢)
[ (<7¢)] [

2{fxll = lixll inf_ Er, sm(ng — 2 x| = |Ix|| Ep sm(sz
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The first two limits imply that supy . 7, |Er, [cos (x7§)] — Ef [cos (xT§)]| — 0
and the second two imply that supy, .z, |Ef, [sin (x7§)] — Ef [sin (x7§)]| — 0.
Together, recalling that e!’ = cos(t) + I sin(¢), this implies that

sup ‘EFO [e”Té] —Ep [e”Té]‘ — 0.
FoeFy

However, since, E g elx'E Er PLES , it must be that Fy ¢ Fy i.0. O
N

9.6 Proof of Theorem 4

A

Proof In the case of finite support & = {& L é”}, total variation metrizes weak
convergence:

n

1
dvig.q) =5 lat) —q' (.

j=1

Restrict to the almost sure event dyv (py, p) — 0 (see Theorem 11.4.1 of [18]). We
need only show that now sup, - 7, drv( PN, po) — 0, yielding the contrapositive of
the uniform consistency condition.

By an application of the Cauchy—Schwartz inequality (cf. [22]),

drv(py. po) = Z Pv6) — o oy

v po(j)

o 5\ 172

1 Z (PN () = po())) _ Xn(po)
“2\z ) 2
j=
By Pinsker’s inequality (cf. [31]),
1/2
n n ) R . . G
drv(pn, po) < f ZZPN(j)lOg (P () /po())) = w-

j=1j=1

Since both the x? and G-tests use a rejection threshold equal to «/Q/N where Q
is the (1 — o)th quantile of a X2 distribution with n — 1 degrees of freedom (Q is
independent of N), we have that dtv(py, po) is uniformly bounded over pg € Fy
by a quantity diminishing with N. 0
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9.7 Proof of Theorem 5
Proof In the case of univariate support, the Lévy metric metrizes weak convergence:
devy (G, G)=infle >0:G(E —€) —e <G'(§) <G +¢€)+eVE €R).

Restrict to the almost sure event dLéVy(I:",,, F) — 0 (see Theorem 11.4.1 of [18]). We
need only show that now supg, ., dLeVy(ﬁ N, Fo) — 0, yielding the contrapositive
of the uniform consistency condition.

Fix Fpandlet 0 < € < dLevy(FN, Fp). Then 3&p such that either (1) FN(E() —
€) —e > Fy(&) or 2) FN (&9 + €) t+e < Fo(&p). Since Fj is monotonically non-
decreasing, (1) implies QN(FO) > Fy(p —¢) — F0£~’§0 —€) > € and (2) implies
Dy (Fo) > Fo(o+€)— Fn(§o+€) > €. Hencedy vy (Fn, Fo) < Dy (Fp). Moreover,
Dy < Vy by definition. Since supFoej_—gN SN (Fp) = Qsy (@) = O (N~1/2) for either
statistic, both the KS and Kuiper tests are uniformly consistent.

Consider Djy(Fo) = maxii,.., v [Fo6) = 45| = o (Foe) - 245,
where j and o are the maximizing index and sign, respectively Suppose D, (Fp) >
1/v/N +1/N.If 6 = +1, this necessarily means that 1 — M > 1/+/N+1/N and

therefore N — j > [+/N] + 1. By monotonicity of Fy we have for0 < k < [v/N]
that j +k < N and

: 2(j +k)—1 : 2j—1 & k
FagUtHoy _ — > Fa(EWy — — = = D'\ (Fn) — — >0.
0(EY™) N > Fo(§Y7) N N ~ (Fo) N =
If instead 0 = —1, this necessarily means that % > 1/+/N + 1/N and therefore

j > (\/NW + 1. By monotonicity of Fy we have for 0 < k < [«/NT that j —k > 1

and
2 —k)—1 . 2i—1 ok k
L — R ™) = = — Fo6V) - - = Dy(Fo) — - = 0.

2N - 2N
In either case we have that

N . 2
1 1 L2i—1 1
W2 = —— —§ Fo(e®y — >
N 12N2+Ni_1( &) =y ) = 12N2

AL k\> D3 2
D DY O
N & N JN N

using Dy (Fo) > 1/+/N + 1/N and |D)(Fo) — Dy(Fp)| < 1/(2N) in the last
mequahty Therefore,

1 2
D2, (Fp) < max {\/_N + 7y VNWZ (Fo) + J_N} .
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Since Fp(§)(1 — Fo(£)) < 1 and by using the integral formulation of CvM and AD
(see [50]) the same is true replacing W]%, by Ajzv. For either of the CvM or AD statistic
QOsy(a) = O(N~1/2) and hence supFOe}—?N S]2V(Fo) = O(N~1). Therefore, both the

CvM and AD tests are uniformly consistent.

2

N
1 - 1
Wy — Uy = <N > D)~ 5)
i=1
2
1S 21 1
< max Nme I,W—I—DN(Fo) 5]
1
2
N
1 2%—1 1
(ﬁ Zmax {O, SN DN(F())} - 5)

Letting M = |5 + N(1 — D) (Fp))] we have 3"  min {1, Z=! + D} (Fp)} =
% + MD),(Fy) + N — M so that in the case of D}, (Fy) > 1/v/N + 1/N,

. 2
(% SN, min {1, 2L+ D (Fy)) — %) = O(1/N). Thus, the Watson test is also
uniformly consistent. ]

9.8 Proof of Proposition 5
Proof Apply Theorem 2 to each i and restrict to the almost sure event that (18) holds
for all i. Fix Fy such that Fy € Fy eventually. Then, (18) yields Er, [c; (x; §)] —

Er[ci(x; &)] for every x € X. Summing over i yields the contrapositive of the c-
consistency condition. 0

9.9 Proof of Proposition 6
Proof Restrict to a sample path in the almost sure event E Fy &1 — Egl&l

E Fy [£i§;] = E[&&;] forall i, j. Consider any Fy such that Fy € ]:gEG, N eventu-

ally. Then clearly Er, [&] — Er[& ], Ery[&i&;] — Er[&&;].
Consider any Fy such that Fy € Fpy y eventually. Because covariances exist, we

may restrictto N large enough so that ‘ ‘ Sy ‘ ‘2 < M (operatornorm) and Fy € ]-"SY, N
Then we get

HEFN[S] — ,&NH <My n(@) =0

and
(yan@ —1) Ey <Eg (€ — an) (6 — in) 1= En < (an(@) — 1) Zy,
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which gives ||Er[(§ —iw) (6 —aw) 1= En||, = Mmax{pn(@ —1,

1 — y3,n(a)} — 0.Then again, we have Er, [§] — Er[&], Epy [£&;] — Erl[&&].
In either case we get Ep, [c(x; §)] — Epy[c(x; §)] for any x due to factorability
as in (26). This yields the contrapositive of the c-consistency condition. O

9.10 Proof of Theorem 6

Proof If Fy # F then Theorem 1 of [44] yields that either Fy ﬁLCX F or there is
some j = 1,...,d such that EFO[gf] S IEF[g}]. If Fy ZLcx F then probability of
rejection approaches one since Cy > 0 but Qc,, («1) — 0. Otherwise, Fy <pcx F
yields Eg[7] < Ep[£?] for all i via (12) using @ = ¢; and ¢(¢) = ¢2. Then
EFO[s}] - EF[s]?] must mean that Eg, [|1€]13] < Er[lI€]15] and probability of
rejection goes to one. O

9.11 Proof of Theorem 7

Proof Let R = sup;cg [I£]], < oo. Restrict to the almost sure event that F v — F.

Consider Fy such that Fy € Fy eventually. Let N be large enough so that it is so.
Fix ||a||, = 1. Let a; = a and complete an orthonormal basis for R ay,an, ..., aq.

On the one hand we have Qg (a2) = Ez [Zle(afg)z] —Epy, [Zle(alfg)Z].
On the other hand, for each i,

Ep, [@ 7]~ Ery [@]6)?]
- 2fbi_R (B Imax {b—a/'&,0]1 — Epymax {6 — ol &, 0}1) ab
+ 2/1:0 (E, [max {a,.Tg — b, 0}] — Ep, [max {afg — b, 0}]) db

R
= 4 [ Glalli + 16D Qcy (ndb = 4 (Vi + B/2) Qcy (an) = pw.

Therefore, gy = Qry(@2) + (d — Dpy > Ep [(a”&)?] — Epy [(a”€)?] and
Ory(@2), Qcy (1), pn.gn — 0. Let Gy(t) = Fy({§ :a”& <1}) € [0,1] and
Gn(t) = Fy({& :a”& <t}) € [0, 1] be the CDFs of a” & under Fy and Fly, respec-
tively. Then,

av 2 Ej, @62 ~Ery [@"6)]

_ szo <EﬁN[max{b—aT$,O}]—EFN[max{b—aTg,O}]) db

=—R

+ 2/R (B, Imax {a” = b,0}] — Er, [max{a"& — b,0}1) b
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0 b
= 2f / (GN(t) — GN(t)> dt db
=—R Jt=—R

R R ~
+2/ f (GN(r)—GN(r))drdepN,
b=0 Jt=b

b
| (6v0 - Gu)dr = ~(Vd+ RGe, @ Vo€ -R.01
t=—R

R
f (Gn () = Gy) dt = —(Vd + R)Qcy (@) Vb € [0, RI,
t

=b

Because ﬁN — F, we get GN(I) — F({é cale < t}) and therefore Gy (t) —
F ({é calE < t}) at every continuity point ¢. Because this is true for every a, the
Cramer-Wold device yields Fy — F. This is the contrapositive of the uniform con-
sistency condition. O

9.12 Proof of Theorem 8

Proof The proof amounts to dualizing a finite-support phi-divergence as done in The-
orem 1 of [3] and is included here only for the sake of self-containment.

Let ¢x(t) = (t — 1)2/t and ¢g(t) = —log(t) + ¢t — 1 (corresponding to “x2-
distance” and “Burg entropy” in Table 2 of [3], respectively). Then we can write

Fiy =1p0=0: Y po(i) =1, p(Nox(po(i)/ PN (i) < (Qxy (@)’ ¢,

J=1 j=1

n n 1
Gy =1P0=0: > po() =1, p(Néc(Po())/ PN (i) < 5(QGy (@)

Therefore, letting ¢; = c(x; éf ) and fixing ¢ and Q appropriately, the inner problem
(4) is equal to

max ¢! po

poeRY

n
st. ) po(j) =1
j=1
n

> hv(e(po(i)/pn () < O°.

j=1
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By Fenchel duality, the above is equal to

min max ¢! po+r(l —e’ py) + s(Q* — ZﬁN(j)d’(PO(j)/ﬁN(j)))
j=1

reR, seRy poeR’}

n
. 2 AL Cji—7r
= min r+ s + s max —
min, r+0Q ;pzv(]) max ( — ¢(p))

n
. 2 A . % Cj_r
= min r+ s + N s
peamin, 0 ;pN(J)dJ( . )

where ¢*(t) = Sup,>o(tp — ¢ (p)) is the convex conjugate. Therefore, the inner
problem (4) is equal to

n
min r+ Q% — > pn(i)t
j=1

r,s,t

st. reR,seRy,reR"”, ceR”

rjg—sqs*(cf_r) Vi=1,...,N

S

chc(x’é'\J) V]ZI,,N
It is easy to verify that

2-2J1—-1t <1

00 otherwise

—log(l—17) <1
fo'e) otherwise

¢yn={ , md¢aw={

(see e.g. Table 4 of [3]). In the case of Xy, since s > 0, we get

< s () cj—r=s
= —st% () = 25 +1; <256 —c; 1)

cij—r=<s,y; >0,
— Ty;: 2s +1; < yj,
yjz. < (25)(2s — 2¢; +2r)

ci—r=<s,y; >0,
— Ty;: 2s +1; < yj,
y]2.+(r—c]~)2§(2s—cj'+r)2.
In the case of Gy, since s > 0, we get
N S s cj—r=<s,
tj < s¢c< B ><=>Serj/s§s+r_cj

— (t.,-, s,s+r —Cj) € Cxc.
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9.13 Proof of Theorem 9

Proof Problem (3) is equal to the optimization problems of Theorem 8 augmented
with the variable x € X and weak optimization is polynomially reducible to weak
separation (see [23]). Tractable weak separation for all constraints except x € X
and (28) is given by the tractable weak optimization over these standard conic-affine
constraints. A weak separation oracle is assumed given for x € X. We polynomially
reduce separation over ¢; > maxy ¢k (x) for fixed ¢’., x’ to the oracles. We first call
the evaluation oracle for each k to check violation and if there is a violation and
k* € argmaxy cjx(x") then we call the subgradient oracle to get s € dcjx+(x") with
lIs|loo < 1 and produce the separating hyperplane 0 > c = (x") — ¢; + sT(x —x').
O

9.14 Proof of Theorem 10

Proof Substituting the given formulas for K, As,, bsy.« foreach Sy € {Dy, Vy,
Wn,U, N, An}in Ag, ¢ —bsy o € Ks, weobtainexactly Sy (¢1, ..., ¢n) < Qsy (@)
for Sy as defined in (8). We omit the detailed arithmetic. O

9.15 Proof of Theorem 13

Proof Under these assumptions (3) is equal to the optimization problems of Theo-
rem 11 or 12 augmented with the variable x and weak optimization is polynomially
reducible to weak separation (see [23]). Tractable weak separation for all constraints
except x € X and (30) is given by the tractable weak optimization over these standard
conic-affine constraints. A weak separation oracle is assumed given for x € X. By
continuity and given structure of c(x; £), we may rewrite (30) as

¢ > max ck(x;8) Yk=1,...,K. (55)
ge[ga—l),g(i)]

We polynomially reduce weak §-separation over the kth constraint at fixed ¢}, x’ to
the oracles. We call the 8-optimization oracle to find & e [0~V £®] such that
ck(x'; &) = maxg g gy k(x5 §) — 8. I ¢ > e (x'; &) then (¢ + 8, x') satisfy
the constraint and is within & of (¢}, x). If ¢; < ¢x(x'; &) then we call the subgradient
oracle to get s € dycp(x’, ") with ||s||o, < 1 and produce the hyperplane ¢; >
c(x'; &) +sT (x —x') thatis violated by (c/, x") and for any (c;, x) satisfying (55) (in
particularifitisin the §-interior) we have ¢; > MaXg g6 £0)] Ck (x;8) > cp(x; &) >
cr(x’; €)+sT (x —x’) since s is a subgradient. The case for constraints (31) is similar.

O

9.16 Proof of Proposition 7

Proof According to Theorem 11, the observations in Example 2, and by renaming
variables, the DRO (3) is given by
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N . 1 N .
(P) miny + Z <QDN(06) + lT> si+ Z (QDN (o) — %) li
i=1

i=1

s.t.xERJr,ye]R,seRﬁ,teRi/

N
r—ox+y+Y (i —t;) = r— )&’ Vi=1,...,N+1
i=j
N
—(c=bx+y+Y (si—t;) = —(c—bEYV Vi=1,...,N+1.
i=j

Applying linear optimization duality we get that its dual is

N+1 N+1

(D) max (r —¢) Z g(”pi —(c—b) Z §(i_1)qi
i=1

i=1
s.t. pe RV g e RYH!

N+1 N+1
r=0) pi—(c=b) =0
i=1 i=1

N+1 N+1

Z pi+ qu' =1
i=1 i=1

J J :

Jj—1 :
ZPi+ZC]iSQDN(Ot)+T Vi=1,...,N
i=1 i=1

J J j
_Zpi_ZQiSQDN(Ol)—N Vji=1,...,N.
i=1 i=1

It can be directly verified that the following primal and dual solutions are respectively
feasible

x=(- Q)S(ilo) + Qs(ihi)’
y=0 - — ¢ —onx,

. {(()c —b) (50 —£1TD) i<

= . Vi=1,...
! otherwise i=1...,N,
_ I+1) _ (@) ; i
I NGOl G §0) iz Vi=1,....N
0 otherwise

@ Springer



Robust sample average approximation

0 I <ip—1
i/N—0—Qpy(a) i=in .
pl_ 9 Vl:ls ’N
1/N N >i>ip+1
QDN(a) i=N+1
Opy (@) i=1
1/N 2<i<ip
qi = ) o Vi=1, , N
0 —0py@)—(G—-2)/N i=ip+1

and that both have objective cost in their respective programs of

l](, 1

— — (c=b)Qpy @@ -2 Zs@ (c—b)(e Qpy (@) — N )s%)

+ (=) Qpy (@) VD + = Z §0 +(r—o) (——QDN(a) )s"’h”.

i=ipit+l

This proves optimality of x. Adding 0 = (¢ — b)6x — (r — ¢)(1 — 6)x to the above
yields the form of the optimal objective given in the statement of the result. O

9.17 Proof of Theorem 14

Proof Fix x. Let § = {(a, b) € RA+ . [lally + |b| < 1}. Using the notation of [46],
letting C be the cone of nonnegative measures on = and C’ the cone of nonnegative
measures on S, we write the inner problem as

SI;P (F,c(x;8))z
s.t. FeC, (F, 1)z =1
1 & .
5 > max{a” € — b, 0} + Qcy (@) — <F, max{a’& — b, 0}>

i=1
>0 VY(a,b)eS

(Fog1B)_ = 0%,

m

Invoking Proposition 2.8 of [46] (with the generalized Slater point equal to the empir-
ical distribution), we have that the strongly dual minimization problem is
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N
: 1 T i o)
min, 9+<G, QcN(a1)+N21:max{a & b, 0}> - QR (50
1= S
s.t. GeC',1eRy,0€cR

int (G maxta” —b.0}) —c(:6) —TllEIB) = 6. ()

If (40) is true, we can infer from constraint (57) that

0 + (G, max{a” £ — b, 0})5 — c(x; €)

T < inf ;
§e8 1HE
/ — . /
< timnf -t maX{HEi/H;o’ N-cng)
o IG5l

This shows that T = 0 is the only feasible choice.

In general, T = 0 is a feasible choice and fixing it so provides an upper bound on
(56) and hence on the original inner problem by weak duality. Moreover, plugging &
in to (57) we conclude that

¢ < 9+G{S}max{||é‘ollzo,1}—C(X;€o) S%QJFR-I;l
[150ll3 R R

1
G{S} - 72 ¢(x: 80)-

Hence, setting 7 = 0 in (57) and replacing t by the above bound in the objective
provides a lower bound on (56) and hence on the original inner problem.

In order to study both cases, and both the upper and lower bounds in the latter case,
we consider for the rest of the proof the following general problem given 1 and v,

N
) 1 T
nGngl no + <G, v+ N ;max{a & —b, 0}> (58)
i= s
s.t. GeC',0eR
. T . . . .
inf ((G max{a’& — b, 0}>S c(x: s)) > 4. (59)

We first rewrite (59) using the representation (37):

inf ((G max{aT& — b, 0}>S — e (x: g)) >_9 Vk=1,...,K.

EeX

Next, invoking [46], and employing the concave conjugate, we rewrite the kth of these
constraints as follows:

-0 < inf sup ((G, g)S—ck(x;$)+<Hk,aT§ —b—g> )
£€5,8()=0 gy ec S

= sup ((Hi, —=b)s + crs(x; (Hy, a)g)) .
H,eC',G—HeC’
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Introducing the variables Hj and this equivalent constraint into the problem (58) and
invoking [46] we find that (58) is equal to the dual problem:

K

max DkChsex (X, Gk / Pk)
pqy /; -

s.t. pr e RE g e REX4 (aig)feswk(a,b) >0Vk=1,....K

k=1
1 N K
Jnf <v + X;max {a g _p, 0} — ]; i (a, b)) )
1= =

inf (1//k(a, b) —al g + pkb> >0 Vk=1,....K.
(a,b)eS

Since cx(x; &) is closed concave in &, cri(X; ) = cx(x; §). Moreover, recognizing
that Y% = max {a” gx — prb, 0} is optimal, we can rewrite the above problem as:

K

max Y prex(x, qi/pr) (60)
p.q =1

s.t. preRX geRK xd
K
> pe=n
k=1
K

N
. 1 Tgi T
(a}?)feS (v + N E 1 max {a g — b,O} — kg 1max {a qx — pib, O}) > 0.
1= =
(61)

Next, we rewrite (61) by splitting it over the different branches on the sum of K
maxima, noting that the all-zeros branch is trivial:

k N
V> sup (Z Vi (aqu — pkb> — % Zmax {aTéi —b, O}) Yy € G.
i=1

(a,b)eS k=1

Next, we invoke linear optimization duality to rewrite the yth constraint as follows:
T

k k N
v > sup (Z quk) a— (Z Vkpk> b=
k=1 k=1 i=1

a,b,xt,t’

st. reRY, reRL, Y eRy,aeR), beR
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1/, .
—(a g—b)—x,-go Vi=1,....,N
N

d
t’+Zr,- <1
j=1

b—t'<0 —b—1t'<0
a—1t<0 —a-—1t<0.

= inf o Py
Ky Py Uy, Vy, Uy, V),

st uyeRY, pyeRy, u, eRY, v, €RY, U Ry, v, eRy
o< (.., 1)
sy Zu;,+v;/

Syiuy"/—i_vy"/ ijl,...,d

K _
> wear - ~ Yy =uy — vy
k=1 i=1

K 1 N
= D WPkt D i =1, v
k=1

i=1

Introducing the variables 1, p,, uy, vy, u;,, v; and this equivalent constraint into
(60) and invoking linear optimization duality yields C’(x; v, ) and the result. O

9.18 Proof of Theorem 15

Proof Under these assumptions, weak optimization is polynomially reducible to weak
separation (see [23]) and separation is given for all constraints but (39). We polynomi-
ally reduce weak 8-separation over the kth constraint at fixed x’, i, g; . First we call

the concave conjugate oracle to find &’ such that h;{Té/ —ck(x"; &) < cps (x5 ) +6.

If g, < h;CTS —cx(x'; &) then x’, hy, g; — & satisfies the constraint and is within § of
the given point. Otherwise, we call the subgradient oracle to get s € d,cx(x’, ") with
|Is|loo < 1 and produce the hyperplane gx < h! &' — cx(x’;&') — sT (x — x’), which
is violated by the given point and is valid whenever the original constraint is valid (in
particular in its §-interior). O
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